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Abstract 

M. Kontsevich proposed a topological construction for an invariant Z of rational homology 
3-spheres using configuration space integrals. G. Kuperberg and D. Thurston proved that Z is a 
universal real finite type invariant for integral homology spheres in the sense of Ohtsuki, Habiro 
and Goussarov. 

We review the Kontsevich-Kuperberg-Thurston construction and we provide detailed and ele- 
mentary proofs for the invariance of Z. This article is the preliminary part of a work that aims to 
prove splitting formulae for this powerful invariant of rational homology spheres. It contains the 
needed background for the proof that will appear in the second part. 
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1 The statements 



We review the Kontsevich-Kuperberg-Thurston construction of an invariant Z of rational homology 
spheres in [EU E3 (See [A"ST1 111321 IEHT1 IEU21 E] for another construction.) This invariant is 
constructed by means of configuration space integrals, it is valued in the algebra A(%) of Jacobi 
diagrams. Its main property, that was proved by Greg Kuperberg and Dylan Thurston, is that it is a 
universal real finite type invariant for homology spheres in the sense of |GGPllHallO] . A generalization 
of this property is proved in [L|. Here, we provide detailed and elementary proofs for the invariance 
of Z, and for the properties of Z that are needed in [Lj. 

All the main ideas here are due to Witten, Axelrod, Singer, Kontsevich, Bott, Taubes, Cattaneo, 
G. Kuperberg and D. Thurston among others. I thank Dylan Thurston for explaining them to me. 

The invariant Z is a powerful generalization of the Casson invariant for integral homology 3- 
spheres. In this setting, the Casson invariant normalized as in |AMllM) may be described as 

KM) = \j rf u 

D JC 2 (M) 

for any 2-form ojm that satisfies the hypotheses stated in Subsections 1 1 . 21 Tl . 41 and IT31 on the configu- 
ration space C2 (M) defined in Subsection ll.il 

1.1 The configuration space C 2 (M) 

When A is a subset of B, (B \ A) denotes its complement in B, when x £ B, (B \ {x}) is also denoted 
by (B\x). 

Let X = X d be a smooth <i-dimensional (real) manifold, and let Y k be a smooth fc-dimensional 
submanifold of X. If TY denotes (the total space of) the tangent bundle of Y, then TX/TY is the 
normal bundle of Y. When V is a real vector space, the group ]0, oo[ acts on V by multiplication, and 
we set 

SV = S(V) = (V\0)/]0,oo[. 

The unit normal bundle SNxY of Y in X is the bundle over Y whose fiber over y is S(T y X/T y Y). 
In this article, to blow-up a submanifold Y k in X d amounts to replace Y by its unit normal bundle. 

For example, if Y x R d ~ k is a tubular neighborhood of Y = Y x {0} in X, the blow-up is 
equivalent to the sequence of operations: 

Fxl" — ► |(rxl")\y] = Yx]0,oo[xS d ~ k ~ 1 — >Y x [0,oo[xS d - k ~ 1 . 

In general, this provides a local definition. See Definition 13.31 for the general definition. The blown-up 
manifold inherits a smooth structure of a manifold with corners from the smooth structure of X. See 
Proposition ^. 41 Note that the blown-up manifold has the homotopy type of (X \ Y). 
Let M be a closed oriented 3-manifold. Fix oo G M . 

Let Ci(M) denote the manifold obtained from M by blowing-up oo. The boundary of C\(M) is 
ST OQ (M). It is homeomorphic to S 2 . Let M 2 (oo, oo) denote the manifold obtained from M 2 by blowing 
up (oo, oo) that becomes 5 , (T( 00 00 )M 2 ) = S 5 . In M 2 (oo,oo), the closures of the three submanifolds 
of M 2 \ (oo,oo), 00 x (M \ 00), (M \ 00) x 00 and diag((Af \ oo) 2 ) are three disjoint submanifolds 
of Af 2 (oo,oo) which intersect S(T (o0i0o) M 2 ) along 5(0 x T^M), SiT^M x 0) and S*(diag((T oc M) 2 )), 
respectively. The three of them are canonically diffeomorphic to C\(M). They will be denoted by 
00 x Ci(M), C\{M) x 00 and diag(Ci(M) 2 ), respectively. 



The normal bundle of diag((M \ oo) 2 ) in (M \ oo) 2 is identified with the tangent bundle of 
(M \ oo) through 

(u,v) £ (T x M) 2 /diag((T x M) 2 ) (« - u) e T X M. 
The configuration space C2(M) is the compactification of 

C 2 (M) = (M \ oo) 2 \ diagonal 

obtained from M 2 (oo,oo) by blowing-up oo x C\{M), C\{M) x oo and diag(Ci(M) 2 ). 

1.2 Fundamental forms on C 2 (M) 

For S 3 = R 3 U oo, we have a homotopy equivalence p$3 that makes the following square commute: 

C 2 (S 3 ) s 2 

projection 

2 \diag — =-> M 3 x]0,oo[x5' 2 
(a.y) ^ foil V-a H>1F%) 

The following lemma is proved at the end of Subsection 13.21 The natural projection onto the 
X-factor of a product is denoted by ttx- 

Lemma 1.1 The map p S 3 smoothly extends to C^S 3 ), and its extension pg3 satisfies: 

( -ir S 2 on STooiS 3 ) x (S 3 \oo) = S 2 x {S 3 \ oo) 
p S 3 = I tt 5 2 on (S 3 \ oo) x ST^iS 3 ) = {S 3 \oo)xS 2 
{ tt S 2 on ST(R 3 )=R 3 x S 2 

Let B 3 (r) be the ball of R 3 centered at with radius r. Let cf> be an orientation- preserving 
embedding of (S 3 \ Int(5 3 (l))) into M. Then 

M = (R 3 U oo \ Int(B 3 (l))) U ]lj3]x5 2 B M , 

where 

B M ^M\cj ) (S 3 \lnt(B 3 (3))) 1 

and Ql,3] xS 2 = 0(]1,3] x S 2 )) is a collar of SBa/ in B M . Fix (oo e M) = <£(oo). This identifies 
ST^M to (ST^S 3 ) = S(R 3 ) = S 2 ). 

Definition 1.2 A trivialisation of T(M \ oo) i/iai is standard near oo is a trivialization 

r : T(M \ oo) — > (M \ oo) x R 3 

of the tangent bundle T(M \ oo) of (M \ oo) that agrees with the standard trivialization Tg3 of R 3 
outside B M {1) = B M \ Ql,3] x S 2 ). 

Let tm be such a trivialisation (that exists by Lemma H.7|l . Note that tm identifies S(T(M \ oo)) to 
(M \oo) x S 2 . 
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Remark 1.3 In the sequel, we define an invariant under orientation-preserving diffcomorphisms for 
pairs (Af , 0) where M is an oriented Q-sphere, and <f> is an orientation-preserving embedding of (5 3 \ 
Int(f? 3 (l))) into Af . Since all such embeddings <j> are isotopic in Af , the choice of <f> will not matter. 
This allows us to fix our decomposition 

Af = (M 3 U oo \ Int(S 3 (l))) U ]1 , 3]xS 2 B M , 

once for all. This will not be discussed anymore. 

Let 

P : C 2 (M) — ► Af 2 

be the natural projection map. The identification of Af and S 3 in a neighborhood of oo provides 
identifications of neighborhoods of P _1 (oo,oo) in SC^S 13 ) and in dCziM). 

Define Pm{tm) ■ dC 2 (Af) — > S 2 by carrying the definition of p$3 in the neighborhood above 
and by mimicking the definition of p§3 elsewhere on dC 2 (Af). Recall that 5'T 00 (Af) = 5 2 

( -tt S 2 on ST^M) x (Af \ oo) = S 2 x (Af \ oo) 

Pm{t m ) = < ^ s 2 on (Af \ oo) x ST X {M) = (Af \co)x5 2 

[ tt S 2 ( TM ) on ST(M \ oo) T M (Af \oo)x5 2 

Let l be the involution of C2(Af) that extends ((x,y) i— > (y,x)) and let Z be the antipode of 5 2 . 
Let be a volume form on S" 2 such that J g2 W52 = 1. We say that uis 2 is antisymmetric if Z*(a>,g2) = 

Let tm be a trivialisation of T(M \ 00) that is standard near 00. 

Definition 1.4 A two-form u>m on C 2 {M) is fundamental with respect to tm and W52 if: 

• its restriction to SC^AT) is Pm( t m)* (^2), and, 

• it is closed. 

Such a two- form is antisymmetric if i*(o>m) = ~^>m- 

It will be easily shown (Lemma 12. 4H that such forms exist for any trivialization tm when Af is a 
Q-sphere. 

1.3 Jacobi diagrams 

Here, a Jacobi diagram T is a trivalent graph L without simple loop like ~0- The set of vertices of 
such a L will be denoted by V(r), its set of edges will be denoted by E(T). A half-edge c of T is an 
element of 

H(T) = {c= (v(c);e(c))\v(c) G V(T); e(c) £ E(T); v(c) £ e(c)}. 
An automorphism of T is a permutation 6 of H(T) such that for any c, c' G ff(L), 

«(c) = w(c') =^ v(b(c)) = v(b(c')) and e(c) = e(c') =^> e(6(c)) = e(6(c')). 

The number of automorphisms of T will be denoted by t)Aut(r). For example, t)Aut(^^) = 12. An 
orientation of a vertex of such a diagram F is a cyclic order of the three half-edges that meet at that 
vertex. A Jacobi diagram F is oriented if all its vertices are oriented (equipped with an orientation). 
The degree of such a diagram is half the number of its vertices. 

Let A n {$) denote the real vector space generated by the degree n oriented Jacobi diagrams, 
quotiented out by the following relations AS and IHX: 



AS:^ +"? =0, andIHX:V\ + )4 + A =0. 

Each of these relations relate diagrams which can be represented by planar immersions that 
are identical outside the part of them represented in the pictures. Here, the orientation of vertices is 
induced by the counterclockwise order of the half-edges. For example, AS identifies the sum of two 
diagrams which only differ by the orientation at one vertex to zero. Ao{$) is equal to R generated by 
the empty diagram. 

1.4 The invariants Z n 

Definition 1.5 Let V be a finite set. An orientation of V is a bijection from V to {1, 2, ... , §V} (or 
a total order on V) up to an even permutation. 

When M is an odd-dimensional oriented manifold, an orientation of V provides an ordering of the 
factors of M v (up to an even permutation), and therefore induces an orientation of M v . Thus, the 
datum of an orientation of V is equivalent to the datum of an orientation of M v . 

Let T be a Jacobi diagram. Let H(T) be its set of half-edges. When the edges of T are oriented, 
the orientations of the edges induce an orientation of H(T) that is called the edge- orientation of H(T) 
and that is represented by a total order of H(T) of the following form. Fix an arbitrary order on the 
set of edges, then take the two halves of the first edge ordered from origin to the end, next the two 
halves of the second edge, and so on. 

When the set V(T) of vertices of T is oriented and when the vertices of T are oriented (as the sets 
of their three half-edges), these data induce an orientation of H (T) that is called the vertex-orientation 
of H (r) and that is defined as follows. Number the vertices of T from 1 to j}V(r) by a bijection that 
induces the given orientation of V(T). The wanted order of H(T) is given by taking first the half-edges 
of the first vertex with an order that agrees with the vertex-orientation, then the half-edges that 
contain the second vertex, and so on. 
Let M be a Q-sphere. Set 

CV (r) (M) = (M \ oo) y ( r ) \ {all diagonals}. 

The set C V (r)(M) is the set of injective maps from V(T) to (M \ oo). ft is an open submanifold of 
(M \ oo) y ( r ) that is oriented as soon as V(r) is oriented. 

An edge e of T defines a pair P(e) of elements of V(r). Then the restriction of maps induces a 
canonical map from C V (v){^) to C P i e \{M). An orientation of e orders the pair P(e) and produces a 
canonical identification of C P ^(M) with (5{ 1)2 }(M) C C%{M). (The origin of e is mapped to 1.) For 
any oriented edge e of T, the composition of these maps will be denoted by 

Pe ■ CV(r)(M) — ► C 2 (M). 

Let lum be an antisymmetric two- form that is fundamental with respect to tm and ojs 2 - 

Let F be an oriented Jacobi diagram. Orient the edges of T, and orient V(r) so that the edge- 
orientation of H(T) coincides with the vertex-orientation of H (T). Set 




This integral is convergent thanks to Proposition ^. 51 below. It is easy to see that its sign only depends 
on the vertex-orientation of T up to an even number of changes. In particular, the product /r(^M)[T] 
only depends on the (unoriented) Jacobi diagram T. 

Proposition 1.6 ([KTj) Let M be a Q-sphere. Letu>M be an antisymmetric two-form that is funda- 
mental with respect to a trivialization tm standard near oo and to a form ujg2 such that J s2 cos 2 = 1- 
Then with the notation above 

Z n (M;r M )= E UuWf^AM 

r Jacobi diagram with 2n vertices 

only depends on the oriented diffeomorphism type of M and on the homotopy class of tm- (Here the 
sum runs over Jacobi diagrams without vertex-orientations. ) 

In the next subsection, we shall see that any Z-sphere M has a preferred homotopy class [r£f] of 
trivialisations that are standard near oo, and this will allow us to define the invariants of Z-spheres 

by 

Z n (M) = Z n (M;T° M ). 

In general, we shall need a correction term, called the framing correction that is described in Subsec- 
tion o 

1.5 Homotopy classes of trivialisations of Q-spheres. 

Recall that GL + (R 3 ) is homotopy equivalent to the pathwise connected group 50(3), that tt± (50(3)) = 
Z/2Z, 7T2(50(3)) = and 7r 3 (50(3)) = Z[p] where the generator [p] of 7r 3 (50(3)) is represented by 
the following covering map 

p : 5 3 — ► 50(3). 

See 5 3 as the unit sphere of the quaternionic field (H = R © Mi © Rj © Rfc). Then, for any element 
7 of 5 3 , p(j) is the restriction of the conjugacy (x i— > 'yxj^ 1 ) to the euclidean space K 3 of the pure 
quaternions. 

Boundaries of oriented manifolds are oriented with the outward normal first convention. Unit 
spheres of oriented euclidean vector spaces are oriented as the boundaries of unit balls. In particular, 
the sphere 5 3 is the oriented boundary of the unit ball of H. The group 50(3) is locally oriented as 
5 2 x 5 1 (oriented rotation axis in 5 2 , rotation angle with respect to the previous axis) (outside its 
center). With these orientations, deg(p) = 2. 

Lemma 1.7 The trivialisation tm defined on ] 1,3] x 5 2 extends to Bm- 

Proof: Choose a cell decomposition of Bm with respect to its boundary. Since GL + (R 3 ) is pathwise 
connected, we may extend the trivialisation to the one-skeleton of Bm ■ If there were an obstruction 
in 

H 2 (B M ,dB M = 5 2 ;Z/2Z) = ff 2 (5 M ; Z/2Z) 

to extend tm on the two-skeleton of Bm, there would exist a surface S immersed in M such that the 
pull-back of TM under this immersion is not trivialisable on S. But this pull-back is isomorphic to 
the sum of the tangent space TS of S, and the unique one-dimensional fibered bundle r\ over E that 
makes TE © r\ orientable. Therefore, the pull-back of TM under this immersion is isomorphic to the 



pull-back of TM. 3 under any immersion of £ into M 3 and is trivialisable on X. Thus, tm extends to the 
two-skeleton of X. Since iT2(GL + (K 3 )) = 0, tm also extends to the three-skeleton. o 

The above proof also shows that any oriented 3-manifold is parallelisable. 

Recall that the signature of a 4-manifold is the signature of the intersection form on its H 2 . Also 
recall that any closed oriented three-manifold bounds a compact oriented 4-dimcnsional manifold 
whose signature may be arbitrarily changed by connected sums with copies of CP 2 or —CP 2 . Let 
W = W 4 be a signature cobordism between B 3 (3) and E>m, that is a compact oriented 4-dimensional 
manifold with corners such that 

dW = B M U (-[0, 1] x S 2 ) U -B 3 (3) 

where dB M = dB 3 (3) = S 2 . 



{0} x B 3 {3) = B 3 (3) 




{1} x B M =B 



M 



[0, 1] x S 2 >'' N 
Let tm be a trivialisation of (M \ oo) that is standard near oo. Define the Pontryagin number of 



pi(t m ) e z 

as follows. 

Consider the complex 4-bundle TW © C over W. Near dW, W may be identified to an open 
subspace of one of the products [0, 1] x -B 3 (3) or [0, 1] x Bm- Let N be the tangent vector to [0, 1] x {pt} 
(under these identifications), and let t{tm) denote the trivialization of TW © C over dW that is 
obtained by stabilizing either T53 or tm into N ffi tm or N ffi Tg3 . Then the obstruction to extend this 
trivialization to W is the relative first Pontryagin class 

Pi(W;t(t m )) =Pi(r u )[W,dW] G H 4 (W, dW; T) = 1[W, dW] 
of the trivialisation. 

Now, we specify our sign conventions for this Pontryagin class. They are the same as in |JV1S| . 
In particular, p± is the opposite of the second Chern class C2 of the complexified tangent bundle. See 
MS, p. 174]. More precisely, equip M with a riemannian metric that coincides with the standard 
metric of M 3 outside B 3 (l), and equip W with a riemannian metric that coincides with the orthogonal 
product metric of one of the products [0, 1] x B 3 (3) or [0, 1] x B M near dW. Equip TW ® C with 
the associated hermitian structure. The determinant bundle of TW is trivial because W is oriented 
and det(TW © C) is also trivial. We only consider the trivialisations that are unitary with respect to 
the hermitian structure of TW © C and the standard hermitian form of C 4 , and that are special with 
respect to the trivialisation of det(TW © C). Since Hi(SU(A)) = {0} when i < 3, the trivialisation 
t(tm) extends to a special unitary trivialisation r outside the interior of a 4-ball B 4 and defines 



(TW< 



)\S 3 



S 3 x C 4 



over the boundary S 3 = OB 4 of this 4-ball B 4 . Over this 4-ball B 4 , the bundle is trivial and admits 
a trivialisation 



t b : {TW © C) 



B 1 



B x C 4 



Then t b o t -1 (u g S 3 ,w e C 4 ) = (v,4>(v)(w)) where <f>(v) € SU(4). Let i 2 {m%) be the following map 

i 2 (m^) : {S 3 C C 2 ) — > 5C/(4) 



(21,^2) 
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10 

zi -z 2 

z 2 2i 



When (ei, e2, e3, 64) is the standard basis of C , the columns of the matrix contain the coordinates 
of the images of the a with respect to (ei, e2, e 3 , a). Then the homotopy class [i 2 (mjr)] of i 2 (mjr) 
generates ■k^(SU{4)) = Z[i 2 (rn^)] and the homotopy class of <j> : S 3 — > 577(4) satisfies 

[0] = -Pi(rw)[* 2 (ro?)] en 3 (SU(4)). 

Proposition 1.8 The first Pontryagin number p\{tm) is well-defined by the above conditions. (It is 
independent of the choices that were made.) It only depends on the homotopy class of the trivialisation 
tm among the trivialisations that are standard near 00. 

For any closed 3-manifold M, for any trivialisation tm of T(M \ 00) that is standard near 00, 
and for any 

g:(B M ,]l,3}xS 2 )^(SO(3),l), 
let deg(g) denote the degree of g and let 

i/)(g) : B M xl 3 ^ B M x M 3 
(x,y) i-> (x,g(x)(y)) 

then 

PiW.9) t m) - Pi(tm) = -2deg(g). 

If M is a given "Z-sphere, thenpi defines a bisection from the set of homotopy classes of trivialisations 
of M that are standard near 00 to 4Z. 

This proposition will be proved in Subsection 12. 81 Of course, for a given Z-sphere, our preferred 
class of trivialisations will be p]~ 1 (0). By definition, the standard trivialisation of M 3 is in this class 
when M = S 3 . 

1.6 The framing correction 

Let X be a 3-dimensional vector space. Let V be a finite set. Then Sv(X) denotes the set of injective 
maps from V to X up to translations and dilations. It is an open subset of the smooth manifold 
S(X v /dizg(X v )). Set S n (X) = .S,,., „,.:.\ :. 

When V and X are oriented, X v and (diag(X y ) = X) are oriented, then the quotient X v /Ai&g(X v ) 
is oriented so that X v has the (fiber d\d,g(X v ) © quotient X v /&\&g(X v )) orientation. When W is a 
vector space, S(W) is oriented as the boundary of a unit ball of W equipped with an arbitrary norm, 
that is so that the multiplication from ]0, oo[x S(W) to W preserves the orientation. This orients 
S{X V /dia,g{X v )) and hence S V (X). 

For an M 3 vector bundle, p : E — ► B, $v{E) denotes the fibered space over B where the fiber 
over (g 6 B) is §v(p~ 1 (g))- When B is an oriented manifold, Sv(E) is next oriented with the (base 
B © fiber) orientation. 

Let p: Ex — > S* 4 be the R 3 vector bundle over 5 4 = £> 4 U53 (— _B 4 ) whose total space is 

E x = B A x R 3 U S 3 XR3 (-B 4 ) x M 3 



where the two parts are glued by identifying (g, x) € S 3 x M 3 of the first factor to 

((g,p(g)(x))e(-B 4 )xR 3 ). 

The vector bundle E\ is equipped with the involutive bundle isomorphism i over W54 that is the 
multiplication by (—1) over each fiber. 

In particular, S<x(E\) is a (compact) S^-bundle that is denoted by S<2,{E\). Let lot be a closed 
2-form on S^-Ea) that represents the Thorn class of this S^-bundle such that I* (lot) — —lot- ([wt] 
is dual to a 4-dimensional manifold that intersects the "left-hand side part" £? 4 x S 2 of ^(-Bi) as 
(_B 4 x {point}).) 

Let r be an oriented Jacobi diagram. Each edge e of T again defines a pair P(e) C V(T) that 
induces a projection 

Sv{T){E\) — > Sp^(Ei) 

by restriction on the fibers. An orientation of the edge e induces an order on P(e) that identifies 
Spr e \(Ei) to S2(Ei), and this again defines 

p e :S v{r) (E 1 )^S 2 (E 1 ). 

Orient the vertices, the edges of T, and orient V(T) so that the edge-orientation of H(F) coincides 
with the vertex-orientation of H(T). Set 

Ir(io T )[T} = ( f\ pHlotWI 

JS V{V) {E X ) eedge of r 

and define ^ 

e " = 5] HAut(r) [r] e Al ' 

r connected Jacobi diagram with 2n vertices 

Define 

^(0)=n^«(0) 

nGN 

as the topological product of the vector spaces 4 n (0)- Set 

Z{M-T M ) = {Z n {M-T M ))nen e 4(0) 
where Z (M;t m ) = 1[0]. Similarly, with £ = 0, 

£ = (Cn)nSN- 

Equip 4(0) with the continuous product that maps two (classes of) graphs to (the class of) their 
disjoint union. This product turns 4(0) into a commutative algebra. 

Theorem 1.9 ([KT]) The obtained does not depend on the closed form lot that represents the 
Thorn class o/S^-Ei) such that l* {lot) — —lot- For any Q-sphere M, set 

Z(M) = Z(M;t m ) exp(^p^0- 
Then Z is a topological invariant of M. 

Note that Theorem 11.91 obviously implies Proposition 11.61 Thus, we are left with the proof of 
Theorem O 

Equip 4(0) with the involution that maps (x n 6 4„(0)) ne N to (:e„) ii6 n = ((— l) n x n ) ne -^. Then, 
we have the following proposition. 
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Proposition 1.10 For any integer k, £ 2 k = 0. 

For any Q-sphere M , let {—M) denotes the manifold obtained from M by reversing its orientation, 
then 

Z(-M) = 'ZjW). 

Proof: The involution u still makes sense on S^n^i), it reverses the orientation and it commutes 
with the projections p e . Therefore, 

J r (wr)[T] =-Js v(r) (E 1 ) L * (Aeedge ofrPeKO) [T] 
= ~Ss V(n {E 1 ) (Aeedge ofrPS(-wr)) 

= (i)^( r )+i /r(wT) [r]. 

Since 3jjV(r) = 2%E(T) = 12k, when the degree of T is 2fc, we conclude that £ 2 fc = 0. 

Consider a trivialisation r&f : T(M \ oo) — > (M \ oo) x R 3 of M that is standard near oo. Its 
composition t-m by (IdjvAoo x ( — l)Idjja) is a trivialisation of T{—M \ oo) that is standard near 
oo, with respect to the composition of the previous embedding of (S 3 \ B 3 (l)) into (M \ £?m(1)) 
by the multiplication by (—1). On dC2(M), P-m(t-m) = ~£°Pm(jm)- Therefore if lu(tm) is an 
antisymmetric form that is fundamental with respect to tm, t*(w(Tjf)) = -w(tm) is an antisymmetric 
form that is fundamental with respect to t_m- Since changing the orientation of M, does not change the 
orientation of C2n(M), we see as before that Z n {— M; t_m) = Z n {~M\ —uj(tm)) = (— l) n Z n (M; tm)- 
Therefore, we are left with the proof that pi(t_m) = ~Pi(tm)- in order to prove it, note that 
changing the orientation of the cobordism W between B 3 and Bm tranforms it into a cobordism 
between — B 3 = B 3 and (B—m = —Bm)- Furthermore, changing the trivialisation by preserving 
its first vector and reversing the other ones equips B 3 with its standard trivialisation. The latter 
trivialisation extends to the complement of a 4-ball B A as the composition of the previous one by the 
above symmetry. Therefore the induced change of basis on dB A is conjugate through this symmetry 
of the connected group C7(4), and hence homotopic. Since the orientation of dB A is the opposite to 
the one used in the computation of Pi(tm), Pi{t~m) — —Pi{tm)- o 

We shall also prove that £i = — y?t[^3] m Proposition 12 .451 

Dylan Thurston and Greg Kuperberg also proved that Z is a universal finite type invariant of 
integral homology 3-spheres, that Z is multiplicative under the connected sum of 3-manifolds, and 
that 

Zl( M )= ^e 

for any integral homology sphere M where A denotes the Casson invariant normalized as in |AMllM] , 
The article L contains splitting formulae for Z that generalize the formulae used in the Thurston 
and Kuperberg proof of Z's universality. It also contains a proof that Z\{M) — A »'^ M ) for 
any rational homology sphere M where Xw denotes the Walker extension of the Casson invariant 
normalized as in |W|. Since the current article has been written in order to provide the detailed 
background for [L], the Thurston and Kuperberg proof of Z's universality will not be discussed here. 
The multiplicativity of Z under connected sum that is not needed in [L] is not proved here either. This 
article is only a partial detailed presentation of the properties of Z that were discovered by Dylan 
Thurston and Greg Kuperberg in |KT| . or by Maxim Kontsevich. 



2 Proof of Theorem OS 

2.1 More on the topology of C 2 (M). 

Since the map p$3 : C2(5 3 ) — ► S 2 is a homotopy equivalence, C 2 (S 3 ) has the homotopy type of S 2 . 

In general, C 2 (M) has the homotopy type of \(M \ oo) 2 \ diagonal] . Indeed, it has the homotopy 
type of 

M 2 (oo,oo) \ ((00 x Ci(M)) U (Ci(M) x 00) U diag(C*i(M))) 
that has the homotopy type of [(M \ oo) 2 \ diagonal] . Therefore, we have the following lemma. 

Lemma 2.1 Let A = Z or Q. If M is a A-sphere, then 

H*(C 2 (M);A)=H*(S 2 ;A). 

and if[S(T x M)] denotes the homology class of a fiber of(ST(M\oo) C C 2 (M)), then H 2 (C 2 (M);A) = 
A[S(T X M)]. 

Proof: In this proof, the homology coefficients are in A. Since (M \ 00) has the homology of a point, 
the Kiinneth Formula implies that (M \ oo) 2 has the homology of a point. Now, by excision, 

ff*((M \ oo) 2 , (M \ oo) 2 \ diag) ff*((M \ 00) x M 3 , (M \ 00) x (R 3 \ 0)) 

— H:t(R'',S ) { otherwise. 

Of course, (M \ 00) x IR 3 denotes a tubular neighborhood of the diagonal in (M \ oo) 2 . Note that 
such a neighborhood can be easily obtained by integrating the vector fields given by a trivialisation 
of T(M\ 00) standard near 00. With (m, X(v S S 2 )), associate (m,j\(m,v)) where -fo(m,v) = m 
and ^(7 t (m, v))(t Q ) — T^ f 1 ((7 to (m, v), v)). When e is a small enough positive number, this defines an 
embedding of (M \ 00) x {{x € M 3 ; || x \\< e) ^ M 3 ). 

Using the long exact sequence associated to the pair ((M \ oo) 2 , (M \ oo) 2 \ diag), we get that 

H,(C 2 (M)) = H*(S 2 ) 

and that H 2 (C 2 (M); A) = A[S{T X M)}. o 

Therefore, there is a preferred generator Lm of H 2 {C 2 (M)]<Q>) such that when B is a 3-ball 
embedded in M equipped with the orientation of M and when a: is a point in the interior of B, the 
evaluation of Lm on the homology class of ({x} x dB) C C 2 (M) is one. 

If (KiUK 2 ) C M\oo is a two-component link of M, then the evaluation of Lm on the homology 
class of the torus (K\ x K 2 c G 2 (M)) is the linking number of K\ and if 2 in M that is denoted by 
£(Kx, K 2 ). Here, it will be our definition for the linking number. 

Let us now prove the existence of fundamental forms. 

For this, we first recall the following standard consequence of the definition of the De Rham 
cohomology. 

Lemma 2.2 Let A be a compact submanifold of a compact manifold B, let uja be a closed n-form on 
A, and let i : A > B denote the inclusion. Then the three following assertions are equivalent: 

1. The form uja extends to B as a closed n-form. 

2. The cohomology class of uja belongs to i*(H n (B;M)). 



3. The integral of lo a vanishes on Ker(i* : H n (A;M) — ► H n (B;M)). 
Lemma 2.3 The restriction map 

H 2 (C 2 (M)) —> H 2 (dC 2 (M)) 

is an isomorphism. 

Proof: Write the exact sequence (with real coefficients) 

H 2 (C 2 (M),dC 2 (M)) £* H 4 {C 2 (M)) = — > 

— > H 2 (C 2 (M)) — > H 2 (8C 2 (M)) — > 
— > ff 3 (C 2 (M),9C 2 (M)) <* H 3 (C 2 (M)) = 0. 



Lemma 2.4 j4ny closed two-form lom on dC 2 (M) extends on C 2 (M) as a closed two-form. If 'com is 
antisymmetric with respect to the involution i on C 2 (M), then we can demand that the extension is 
antisymmetric, too. 

Proof: The first assertion is a direct consequence of the two previous lemmas. When lom is antisym- 
metric, let lo denote one of its closed extensions, then the average 

lo — l* (id) 
LO = 

2 

is an extension of lom that is closed and antisymmetric. o 

In particular fundamental forms exist. Note that the cohomology class of a fundamental form is 
Lm, since its integral along the generator S(T X M) of H 2 (C 2 (M)) is one. 

2.2 Needed statements about configuration spaces 

Compactifications of Cv(v){M) are useful to study the behaviour of our integrals 

J6 V{V) (M) e£E(T ) 

near oo, and their dependence on the choice of lom- Indeed, in order to prove the convergence, it 
is sufficient to find a smooth compactification (that will have corners) where the form /\p*(lom) 
smoothly extends. The variation of this integral when adding an exact form dn, will be the integral of 
r\ on the codimension one faces of the boundary that needs to be precisely identified. Therefore, the 
proof of Theorem 11.91 will require a deeper knowledge of configuration spaces. We give all the needed 
statements in this subsection. All of them will be proved in Section |3J 

Recall that a map from [0, oo[ d xR"" rf to R fe is C°° or smooth at if it can be extended to a C°° 
map in a neighborhood of in R™. A smooth manifold with corners is a manifold where every point 
has a neighborhood that is diffeomorphic to a neighborhood of in [0, oo^xR" - ' 2 . The codimension 
d faces of a smooth manifold C with corners are the connected components of the set of points that 
are mapped to under a diffeomorphism from one of their neighborhoods to a neighborhood of in 
[0, oo[ d xR™ -ci . The union of the codimension faces of such a C is called the interior of C. 
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Let V denote a finite set, let M be a closed oriented three-manifold and let X be a 3-dimensional 
vector space. 

We shall study the open submanifold 

C V (M) = (M \ oo) v \ all diagonals 

of (M \ oo) v . It will be seen as the space of injective maps from V to (M \ oo). 

We shall also study the open submanifold §v(X) of the smooth manifold S(X V /d\&g(X v )) made 
of injective maps from V to X up to translations and dilations. 

These manifolds are our configuration spaces. S n (X) = S{i t 2,..., n }(X) and C n (M) — (5(1,2 n} (M). 
Note that S 2 {X) may be seen as the set of maps from {2} to X \ (when choosing to map {1} to 0). 
This provides a diffcomorphism from S 2 (X) to S(X) that is diffeomorphic to S 2 . 

For any subset B of V, the restriction of maps provides well-defined projections ps from Cy (M) 
to Cb(M), and from §v(X) to Sb{X). A total order on B identifies B to {1, . . . , , and therefore 
identifies Cb(M) to C$b(M) and §b(X) to S^iX). In particular, by composition, any ordered pair 
e of V induces canonical maps 

Pe . c v (M) — » C 2 (M) 

and 

Pe : MX) — » S 2 (X). 

We are going to define suitable compactifications for these spaces. Namely, we shall prove the 
following propositions. 

Proposition 2.5 There exists a well- defined smooth compact manifold with corners Cy(M) whose 
interior is canonically diffeomorphic to Cv(M) such that 

• C{!}(M) and C{ 12 }(Af) coincide with the compactifications C\(M) and C 2 (M) defined in Sec- 
tion \l.l\ 

• For any ordered pair e of V , the projection 

p e : C V (M) — » C 2 (M) 

smoothly extends to Cv(M). 

Proposition 2.6 There exists a well-defined smooth compact manifold with corners Sv(X) whose 
interior is canonically diffeomorphic to §v{X) such that, for any ordered pair e of V , the projection 

Pe : S V (X) — » S 2 (X) 

smoothly extends to Sy(X). 

For our purposes, it will be important to know the codimension one faces of these compactifica- 
tions. For CV(M), they will be the configuration spaces F(oo;B) and F(B) defined below, for some 
subsets B of V, where F(oo;B) will contain limit configurations that map B to oo, and F(B) will 
contain limit configurations that map B to a point of (M \ oo). 

Let B be a non-empty subset of V. Let S^T^M 3 ) denote the set of injective maps from B to 
(TooM \ 0) up to dilation. Note that S l {T 00 M B ) is an open submanifold of SUT^M) 3 ). Define 

F(^;B) = C (v \b)(M) x S^M 3 ) 

where C$ (M) has one element. Any ordered pair e of V defines a canonical map p e from -F(oo; B) to 
C 2 (M) in the following way. 



• If e C V \ B, then p e is the composition of the natural projections 

F(oo;B) — » C (V \ B) (M) — > C e (M) = C 2 {M). 

• If e C _B, then p e is the composition of the natural maps 

F(oo;B) — > ^(TooAf 5 ) — > Sj^M 6 ) C e (M) = C 2 (M). 

• If e n .B = {6'}, then p e is the composition of the natural maps 

F(oo;fl) — > C (e \ m) (M) x S,^^^) — » 

— » (M \ oo) (e \ {b ' }) x ^(TooM^}) C e (M) = C 2 {M). 

Let B be a subset of V of cardinality (> 2). Let b E B. Let F(B) denote the total space of the 
fibration over (^0{b}u(v\B)(M)j where the fiber over an element c is §b (^c(6) M). Again, any ordered 
pair e of V defines a canonical map p e from F(B) to Cs(M). 

• If e C (V \ B) U {6}, then p e is the composition of the natural projections 

F(B) — > (7 {6}u(nfl) (M) — > C e (M) = C 2 (M). 

• If e C B, then p e is the composition of the natural projections 

F(B) — » S B (T c(6) M) — S e (T c(6) M) — C e (M) = C 2 (M). 

• If e ("I B = {b 1 }, let e be obtained from e by replacing &' by &, then p e = |>g. 
Set 

3i°(Cy(M)) = {^(oo; B);BCF;B^ 0}, 
^(CV(M)) = {F(B); BCV4B>2}, 

and 

Qi(CV(M)) = df{C v {M)) U ^(CV(M)). 

The following proposition is proved in Subsection l3.4l 

Proposition 2.7 Any F E <9i(CV(M)) embeds canonically into Cy(M), and its image is a codi- 
mension one face of Cy(M). Therefore, any such F will be identified to its image. Then d\{Cv{M)) 
is the set of codimension one faces of Cy(M). Furthermore, for any ordered pair e of V, for any 
F E di(Cv (M)) , the restriction to F of the canonical map p e defined from Cy(M) to C^{M) is the 
map p e defined above. 

Let B be a strict subset of V of cardinality (> 2). Let b E B. Let X be a 3-dimensional vector 
space. Let 

f(B)(X) = S B (X) x S {b]u{v \ B) (X) 

be a space of limit configurations where B collapses. 

Any ordered pair e of B provides the following canonical projection p e from f(B)(X) to S2(X) 
as follows. 



• If e C (V \ B) U {&}, then p e is the composition of the natural projections 

f(B)(X) — > 5 {6}u(y \ B) (X) — » S e (X) = S 2 (X). 

• If e C P, then p e is the composition of the natural projections 

f(B)(X) — + S B (X) — > S e (X) = 5 2 (X). 

• If e PI .B = {&'}, let e be obtained from e by replacing b' by &, then p e = pg. 
In this article, the sign C stands for "C and 7^". Set 

d 1 (S v (X)) = {f(B)(X); BcV-JB> 2}. 
The following proposition is proved in Subsection 13.41 

Proposition 2.8 Any F G di(Sv(X)) embeds canonically into Sv(X), and its image is a codi- 
mension one face of Sy(X). Therefore, any such F will be identified to its image. Then di(Sv(X)) 
is the set of codimension one faces of Sv(X). Furthermore, for any ordered pair e of V, for any 
F e di(Sv(X)), the restriction to F of the canonical map p e defined from Sv{X) to S2(X) is the 
map p e defined above. 

2.3 Sketch of the proof of Theorem 11.91 

We shall first see that the wanted invariant Z is the exponential of a simpler series in .4(0), that we 
are going to present in another way by means of labelled diagrams that will make the proofs clearer. 

A degree n labelled Jacobi diagram is a Jacobi diagram whose vertices are numbered from 1 to 
2n, and whose edges are numbered from 1 to 3n. 

Let r be a labelled Jacobi diagram with underlying Jacobi diagram T. The automorphisms of 
r act on the labelling of T. In particular, there are exactly jJAut(r) labellings of T that give rise to 
a labelled Jacobi diagram isomorphic to T as a labelled Jacobi diagram, and the number of labelled 
Jacobi diagrams with underlying Jacobi diagram T is ^j^ 3 ^ ! . 

A Jacobi diagram is edge-oriented when its edges are oriented. Any labelled Jacobi diagram has 
2 3 ™ such edge-orientations. 

A labelled edge-oriented Jacobi diagram inherits a canonical vertex-orientation (up to an even 
number of changes), namely the vertex-orientation that together with the orientation of V(T) induced 
by the vertex labels provides a vertex-orientation of H(T) equivalent to its edge-orientation. Therefore, 
an edge-oriented labelled graph T has a well-determined class [r] in .4(0). Furthermore, an edge- 
oriented labelled graph T defines a map 

\3n 



P(r) : C 2 „(M) — C 2 (MY 

3n ^ 

E (0 



whose projection pi o P(T) = Pi(T) onto the i th factor of C2(M) 3n is p e ^ where e(i) denotes the edge 
labelled by i. 

Let Tj\/ be a trivialisation of T(M \ 00) standard near 00. For any i € {1, . . . , 3n}, let u)$ be a 
two- form that is fundamental with respect to tm and to a form ujgl such that J s2 LOgl = 1- Define the 
6n-form on C 2 (M) 3n 

3n 

,(0i 



Q=/\p*(< } ). 



1 f 



Proposition 12 . 51 allows us to define 

3n 

/ r (M;0)=/ p(r)*(n)=/ Ap,(r)'(4?). 

Let £ n denote the set of all connected edge-oriented labelled Jacobi diagrams with 2n vertices. We are 
going to prove the following propositions. 

Proposition 2.9 Under the above assumptions, 

)= MM;n)[T] 
re£„ 

only depends on M and on tm ■ 

Proposition 2.10 Let lot be a closed two-form that represents the Thorn class of ^(-Ei). Then 

3n 



s n = E / /\ p *( r )>T)[r] 



then 



res 

does not depend on the choice of lot- 

Proposition 2.11 Under the above assumptions, 2„(tm) onZj/ depends on M and on the homotopy 
class of tm among the trivialisations that are standard near oo . 

For any closed 3-manifold M , for any trivialisation tm ofT{M \ oo) that is standard near oo, 
and for any 

g:{M\ oo, M \ B M {1)) — > (SO(3), 1), 

define 

■0(g) : (M \ oo) x R 3 — ► (M \ oo) x R 3 
(x,y) i-> (x,g(x)(y)) 

Zn(ip(g) ° tm) - z n (T M ) = ^deg(g)6 n . 

Note that Propositions 12.51 and 12.61 ensure that all the mentioned integrals are well-defined and 
that all the previous ones are convergent. 

Let us now show that Propositions [231 EHUl |2~TT1 Ol prove Theorem Ol 

First note that for an antisymmetric lom that is fundamental with respect to tm and to a two- 
form LOg-i such that J J2 w S 2 = 1, J c ^ f\^2i ■Pi(r)*(wjvf)[T] is independent of the labelling and is 
equal to It(lom)[^]- Therefore, 

Zn (T M ) = 2 3 »(3n ) !(2n)! £ ^[P], 

r connected Jacobi diagrams with 2n vertices 

and 



Z(tm) = exp ( ( ^-^ ^( TM ) 



only depends on tj\/, according to Proposition ^. 91 
Lemma 2.12 Z(M;t m ) = Z(t m ). 



These are two series of combinations of diagrams and it suffices to compare the coefficients of [r] , for 
a diagram T which is a disjoint union of k\ copies of T\, ki copies of r 2 , ■ ■ ■ , k r copies of F r , where 
r 1; r 2 and T r are non-isomorphic connected Jacobi diagrams. The coefficient of [r] = nT=iFi] 
in Z(M;r M ) is where I r (u M ) = K=i Ir t , and (jAut(r) = nLiKtfAut^))* 4 

Therefore, the coefficient in Z(M; tm) is 



n 



^Aut^)^)!" 

Let k = Y^ti=i ki- The coefficient of [r] in Z(jm) is its coefficient in the product 

Iff I , , 



fe! VV 23n ( 3n ) ! ( 2 ") ! 

where T^[^ =1 [r^] fei occurs ^ r ^ ! (fc.)i times with the coefficient y 171=1 |)Aut"(rV' ' ^ us ' tw0 coem " 
cients coincide. o 

Of course, Proposition 12 . f 01 implies that 

1 



2 3 ™(3n)!(27i)! " 

is independent on the used ujt- Now, Propositions l2 . f il and ll . 8l clearlv imply that { ^ (zn)\{2n)\ Zn ^ TM ') Jr 
Pl ^ M ' 1 i n ) is independent of tm, and this in turn implies Theorem lf .91 

Propositions [2~TU1 and HTTP and O will be proved in Subsections O Ell EH and |2~%1 

respectively. 

2.4 Proof of Proposition 12.9] the dependence on the forms. 

In this subsection, we prove Proposition! 



Of course, the only choice in the expression of z„(tm) is the choice of the wjS, and it is enough 
to prove that changing an lu^} into an that is fundamental with respect to tm and to a form uigl 
such that J S 2 Ljgl — 1 does not change z n = z u (tm) = z n (Q). 

For later use in [E] , we shall rather study how z n varies when lo^ varies within a class of forms 
that is more general than the fundamental forms. 

Definition 2.13 A two-form u>m on C 2 (M) or on <9C 2 (M) is admissible if: 

• its restriction to dC2{M)\ST(BM) is Pm(tm)* (^s 2 ) f° r some trivialisation tm of T{M\oo) standard 
near 00 and for some two- form lo S 2 on S 2 with total volume one, and, 

• it is closed. 

Such a two-form is antisymmetric if l*{ojm) = —lum- 

According to Lemma 12.41 an admissible two-form on <9C 2 (M) extends as an admissible two- 
form on C 2 (M), and an admissible antisymmetric two- form on <9C 2 (M) extends as an admissible 
antisymmetric two- form on C 2 (M). We are going to prove the following proposition. 

Proposition 2.14 Let ljm be an antisymmetric admissible two-form on C 2 (M), then with the no- 
tation before Provosition \l.b\ 

z »<->= E p£> 

r Jacobi diagram with 2n vertices 
only depends on M and on the restriction of um to ST(Bm)- 



-1 o 



j m \ f° r 3 € {1) 2, • • • , 2n}, and a)j^ are admissible with 
respect to two- forms on S 2 denoted by Wga, for j 6 {1,2, .. . , 2n} and u>gl, respectively. Note that 
the restriction of oj m ' on ST{B M ) determines u)gi }, and hence determines lu^j on dC 2 (M). We fix a 
trivialisation tm of T(M\ oo) standard near oo. 

Lemma 2.15 There exists a one-form 7752 on S such that dng2 = u)g 2 — ^52; and a one-form 77 on 
C 2 (M) smc/i ffcat 

2. i/ie restriction of n on dC2{M) \ ST(Bm) is Pm{tm)*(vs 2 )> 

3. ifu>M and&M are fundamental with respect to tm, then the restriction of r\ on the whole dC 2 (M) 
is pm(tm)*(ti S 2), 

4- if and lo^ coincide on ST(Bm), then the restriction of n on dC 2 (M) is zero. 

PROOF: Since lo^ and lj^ are cohomologous there exists 77 such that dn = uj^ — lo^J on C 2 (M). 
Similarly, there exists 7752 such that 0^7752 = tijgl — ojg\. If Cj^J and oj^ coincide on ST(Bm), then 
Qgl — ujgl, and we choose 7752 = 0. Now, d(?7 — pm{tm)* (r]s 2 )) = on dC 2 {M) \ ST(Bm), and on 
dC 2 {M) if u)$ and are fundamental with respect to tm, or if and lu^ coincide on ST(Bm)- 
Thanks to the exact sequence 

= ff^CaCM)) — > H 1 {dC 2 {M)) — ► H 2 (C 2 (M), 8C 2 (M)) S ff 4 (C 2 (M)) - 0, 

H 1 (dC 2 (M)) = 0. It is easy to see that H 1 (dC 2 {M) \ ST(B M )) = 0, too. Therefore, there exists a 
function / from dC 2 (M) to R such that 

= V - Pm(tm)*(vs 2 ) 

on dC 2 (M) \ ST(Bm), and on dC 2 (M) if wj^ and are fundamental with respect to tm or if wj^ 
and (jJjm coincide on ST(Bm)- Extend / to a C°° map on C 2 (M) and change 77 into (77 — df). o 

Set 

3 71 



n -JUL 

C7 Jc^xm •_ 



re£„ Jc, 2„(M) i=1 

Set - w # for j ^ 7, and let z„ = Er e£ „ Jc 2n (M) A^i Pi(T)*(^)[T]. 
Set 

- J w m if J ^ * 

M ~\v if i = i, 

and define the (6n- l)-form = A-"i?^m) onC 2 (M) 3 ". Then dVl = f\f = l p* {Cj m ] ) - p* (w$ ) . 

For an element F of the set di(C 2n (M)) of codimension 1 faces of C 2n (M) described before 
Proposition 12. 71 set 



h, F = I P(r)*(fi)= / *j\p 3 (vy{u M \ 

Jf Jf „'_; 



where F is oriented as a part of the boundary of the oriented manifold C 2n (M), 

Ir,d = ^ ^r,_F- 

Fe9i(C 2 „(Af)) 
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Then according to the Stokes theorem, 

re£ n 

We are going to prove that several terms cancel in this sum. More precisely, we shall prove 
Proposition 12 . 1 61 that obviously implies Proposition ^. 91 and Proposition 12 . 141 since 

^)=«p(( 2 3n (3n 1 ) , (2n)! ^(^) 

with 

3n 



Z n (LJ M )= / /\Pi( T TM[T]. 



re£„ Jc 2«( M ) i=i 
Proposition 2.16 With the notation above, 

z n - z n = ^2 Ir,F(y) [T] 

where Ir,F(v) — / or arl ?/ r G £ n tf &m an< ^ w m are fundamental with respect to tm> or if &m an< ^ 
U)j$ coincide on ST(Bm)- 

When B is a subset of V, and when a graph T is given, Eb denotes the set of edges of T that 
contain two elements of B, and is the subgraph of T made of the vertices of B and the edges of 
E B . 

Lemma 2.17 For any non-empty subset B of V , for any T € £ n , It,f(oo-,b) = 0- 

Proof: Set A = V \ B. Let Eq be the set of the edges of T that contain an element of A and 
an element of B. Let p 2 denote the projection of F(oo;B) onto S^TaaM 8 ). For e e E B U E c , 
P e : (S 2 ) E uE ° — > S 2 is the projection onto the factor indexed by e. We show that there exists a 
smooth map 



2\E a UE^ 



such that 



/\ P :(4 (e)) ) = ^B)* ( A p e( 

E B UE C \e£E B UE c 



e£E E 

where i(e) € {1, 2, . . . , 3n} is the label of the edge e, and 



-,«e)) _ / if<(e)^i 



52 I ??s 2 if*(e) 
Indeed, if e £ -E B U E c , p e (P(oo; B)) C dC 2 (M), 

and pm(tm) ° Pe factors through Si(TooM B ) (and therefore reads ((P e o 5) op 2 )). Indeed, if e £ E c , 
Pm(t~m) °Pe only depends on the projection on S^T^M) of the vertex at 00 (of £?), while, if e £ -E 5 , 
Pm(tm) °Pe factors through S i (T 00 M' i ). 

Therefore if the degree of the form (^A C £E b ue c Pei^s^)^ is bigger than the dimension (S$B — 1) 
of SiiTooM 13 ), this form vanishes on F(cxj; £). The degree of the form is (2$E B + %E C ) or (%E B + 
2%E C - 1), while 

(3jjB - 1) = 2jtE s +|tJ5 c - 1. 



c\r\ 



Therefore, the integral vanishes unless E c is empty. In this case, since V is connected, B = V, 
F(oo; V) = Si(T ao M v ), all the pm{tm) °Pe locally factor through the conjugates under the inversion 
(x I— > x/ || x || 2 ) of the translations that make sense, and the form vanishes, too. o 

As soon as there exists a smooth map from F(B) to a manifold of strictly smaller dimension 
that factorizes P(T), then It,f(b) = 0. We shall use this principle to get rid of some faces. 

Lemma 2.18 Let V e £ n . For any subset BofV such that Tb is not connected, Ir,F(B) = 0. 

PROOF: Indeed, in the fiber Sb{T c q,)M) we may translate one connected component of Tb whose set 
of vertices is C independently. This amounts to factorize the p e through C\b}u{v\B)(M) if %B = 2, or 
through the fibered space over C{b}u(v\B)(M) whose fiber is an open subspace of 

c( T c{b) M B \ 

^diag(T c(6) M s ) © (0 B \c x diag(T c(b) MC)) J ' 

In both cases, all the p e factor through a space with smaller dimension. o 



Lemma 2.19 Let T e £ n - Let B be a subset ofV such that §B > 3. If some element of B belongs to 
exactly one edge ofTs, then Ir,F(B) = 0- 

Proof: Let b be the mentioned element, and let e be its edge in Tb, let d € B be the other element 
of e. The group ]0,oo[ acts on the map t from B to T c /mM by moving t(b) on the half-line from 
t(d) through t(b). {(t(b) — t(d)) is multiplied by a scalar). When jji? > 3, this action is non trivial on 
Sb{T c (p)M), P(r) factors through the quotient of F{B) by this action that has one less dimension, o 

Lemma 2.20 Let T G £ n . Let B be a subset of V such that at least one element of B belongs to 
exactly two edges ofTs- Let £(T) denote the set of labelled edge-oriented graph that are isomorphic to 
r by an isomorphism that preserves the labels of the vertices, but that may change the labels and the 
orientations of the edges. Then 

E / f,F(B)[f] = 0. 

f ; fe£(r) 

Proof: Let v m be the vertex of B with smallest label m € {1,2, . . . , 2n} that belongs to exactly 
two edges of T^. We first describe an orientation- reversing diffcomorphism of the complement of 
a codimension 3 submanifold of F{B). Let Vj and Vk denote the (possibly equal) two other ver- 
tices of the two edges of that contain v m . Consider the linear transformation S of the space 
S , (T c ( b )M B /diag(T c ( b )M B )) of non-constant maps / from B to T C ^M up to translations and dila- 
tions, that maps / to S(f) where 
S(f(v e )) = f(ve) if v e ^ v m , and, 
S(f(v m )) = f(v j ) + f(v k )-f(v m ). 

This is an orientation-reversing involution of S(T C ^M B /diag(T c ( fc )M- B )). The set of elements of 
5s(T c ( 6 )M) whose image under S is not in Sb(T c ^M) is a codimension 3 submanifold of Sb{T c ^M). 
The fibered product of S by the identity of the base C^-j U ^v\B)(M) is an orientation-reversing smooth 
involution outside a codimension 3 submanifold F$ of F{B). It is still denoted by S. 

Now, let a(B;T)(T) be obtained from (T e £(T)) by reversing the orientations of the edges of 
Tb that contain v m and by exchanging their labels. Then, as the following picture shows, 

P(t)oS = P(a(B;T)(t)). 



c\ -i 



Therefore, 



f(v k ) 



f(v m ) 




S(f(v m )) 



a(B;T)(b) 



a(B;T)(a 



^r,F(B) - If(b)\f s P(T)*(ty 



= -If(b } \f s s* [p(m^ 

= -fF(B)\Fs( P ( r ) 0S y&) 

= -J F(B) \ Fs P(v(B-,r)(f)y(n) 

= - I *(B-,r)(r),F(B) 

while [f] = [o~(B; r)(r)]. Now, a(B; T) defines an involution of £(T), and it is easy to conclude: 

E 7 f,_F(S)[f] = E / C r(B;r)(f),F(i3)[ cr (- B ; r )(f)] 

f;fe£(r) f;fge(r) 



e !f,F(B) 

f;fe£(r) 



;f ] = o. 



The symmetry used in the above proof was observed by Kontsevich in |Ko| . 

The three previous lemmas allow us to get rid of the pairs (B; T) with (jB > 3 such that at least 
one element of B does not belong to three edges. Therefore, since the T are connected, we are left 
with the pairs (B; T) with B = V, that are treated by Lemma \'2 . 221 below, and with the pairs (B;T) 
where B ^ V, jjB = 2, and at least one element belongs to exactly one edge of Tb- The following 
lemma allows us to get rid of this latter case where T b must be an edge. 

Lemma 2.21 Let T G £ n . Let B be a subset of V such that Tb is made of an edge e(£) with label £ 
oriented from a vertex Vj to a vertex Vk- Let T/Tb be the labelled edge-oriented graph obtained from T 
by collapsing Tb down to one point. (The labels of the edges of T/Tb belong to {1,2, ... ,3n}\{£} , the 
labels of the vertices of T/Tb belong to {1, 2, . . . , 2n} \ {k}, T/Tb has one four-valent vertex (vj = v^) 
and its other vertices are trivalent.) Let £(T;B) be the subset of £ n that contains the graphs T whose 
edge with label £ goes from Vj to Vk and such that T/Tb is equal to T/Tb- Then 



E 

f ;fe£(r:B) 



Proof: F(B) is fibered over Cv\{ Vk }(M) with fiber ST C ^ V .^M that contains the direction of the vector 
from c(vj) to c(wfe). The oriented face F(B) and the map 



P(f) : (F(B) C C 2n {M)) — > C 2 (M) 



'An 



are the same for all the elements f of £(T; B). Therefore If F ^ 
£(T; B), the sum of the statement is 



is the same for all the elements T of 



E 

f;fe£(r ; s) 



i-f(u) E 

f ; fe£(r ; B) 



and we are left with the study of the set £(T; B). Let f e £ (T; B). Let a, b, c, d be the four half-edges 
of T/Tb that contain (vj = Vk)- Let e\ be the first half-edge of e(£) that contains Vj, and let e 2 be 
the other half-edge of e(£). Then in L, Vj belongs to e\ and to two half-edges of {a, b,c, d}, and the 
corresponding unordered pair determines L as an edge-oriented labelled graph. Thus, there are 6 graphs 
in £(T;B) labelled by the pairs of elements of {a 7 b, c, d}. Equip T = T a b with a vertex-orientation 
that reads (a, b, e\) at Vj and (c, d, e 2 ) at Vk and that is consistent with its given edge-orientation 
(i.e. such that the edge-orientation of H(T) is equivalent to its vertex-orientation). A representative 
of the orientation of H(T) reads (. . . , a, b, e\, . . . , c, d, e 2 , . . .) and is equivalent to the edge-orientation 
of H(T) that is the same for all the elements of £(T; B). 

Thus, cyclically permuting the letters b,c,d gives rise to two other graphs in £(T;B) equipped 
with a suitable vertex-orientation, that respectively reads 
(a, c, ei) at Vj and (d, b, e 2 ) at Vk, or 
(a, d, ex) at vj and (6, c, e^) at Vk, 

The three other elements of £ (L; B) with their suitable vertex-orientation are obtained from the three 
previous ones by exchanging the ordered pair before e\ with the ordered pair before e^. This amounts 
to exchanging the vertices Vj and Vk in the picture, and does not change the unlabelled vertex-oriented 
graph. The first three graphs can be represented by three graphs identical outside the pictured disk: 

d a\ \d a \Jh) 





kvk 

b' > and fc/V 

Then the sum X)fTe£(r-B) P-1 ^ s zero thanks to IHX. o 

Lemma 2.22 For any T 6 £ n . I-p p^y^ = if lu^ and oj^J are fundamental with respect to tm, or if 
u)m and lo^ coincide on ST(Bm)- 

In the first case, the face F(V) is identified via tm to SV(R 3 ) x (M\oo), and the form fl to be integrated 
can be pulled-back through the projection onto the fiber. In the second case, for any j £ {1,2,..., 3n}, 
p 3 maps F(V) into dC 2 (M), and therefore P(T)*(Q) = on F(V) thanks to Lemma |2~T51 o 

This ends the proof of Proposition ^. 161 and hence the proofs of Proposition 12.91 and 12. 141 

Since for any admissible form uim on C%{M), z„(cjm) only depends on the restriction of u>m to 
ST(Bm), z n {LO M ) will also be denoted by z n (w M \ S T{B u ))- 

Proposition 2.23 For any admissible form to on Ci(jS,l) and for any one-form r\ on Ci(M} that 
reads pm(t~m)* (vs 2 ) on dC'2(M) \ ST(Bm), for some one-form rjg2 on S 2 and for some trivialisation 
tm that is standard near oo, 

z n (uj + drj) - z n (uj) 



= E / E A p j( r )*H A p i( r )*w A A PAmu+dv)) n 

re£„ • )f (V) i=i j=i+i 
Proof: Indeed, according to Proposition ^. 161 

(i—l 3n \ / i 3n 

/\jJ( U )A/\jJ( U + di,) \)-z n ( A P /M A A Pjfr + dn)]) 
3=1 j=i J V = 1 j=i+l 

r I i-1 3n . 

= E / I hPjirn^APiivnr,)* f\ Pj(ry(<j + dT,)]n 



and the above statement is nothing but the sum over the i in {1, ... , 3n} of these equalities. 



2.5 Forms over ^-bundles 

Proof of Proposition ^. HJl According to Proposition ^. 81 the codimension one faces of Sv(Ei) are 
the fibered spaces over S 4 with fibers f(B)(p~ 1 (x)), for all the strict subsets B of V with cardinality 
at least 2. Then the independence of lot is proved as in the previous subsection, using lemmas similar 
to Lemmas 12 . 1 81 l2~TT)l 12 . 201 |2 . 2 II that treat all the possible faces, and Proposition 12 . 1 01 is proved, o 

Note that the proofs of these lemmas in fact show that the image of S2 n (E\) under X)re£ P OOP-1 
is a cycle whose homology class is in Hs n (S2(Ei) 3n ; -4(0)) even if -4(0) is defined with integral coeffi- 
cients. (Its boundary 

]T [P(r)(F)][r] 

(r,F)-Te£ n ,Fed 1 (S v (E 1 )) 

vanishes algebraically. ) Then 2 3n (2n)!(3n)!£ n is just the evaluation of A^=i-Pi[ w r] at the class of this 
cycle. 

More generally, we have the following proposition: 

Proposition 2.24 Let E be an M. 3 -bundle over a base W that is an oriented four- dimensional man- 
ifold. Let r\ denote a one-form on S%{E) and let lo denote a closed two- form on 82(E). Let 

« 3n 

z n (E;Lo) = ]T / /\Pi(m<j)n 
Then z n (E; lo + drf) — z n (E; u>) = 8 n (E\ u>, rj) with S n (E; u>, r/) = 

„ 3n / i— 1 3n \ 

E L Z) A P i( p )*(^) A Pi(T)*(v) A A Pj(ry(" + dri) )[?}■ 

ref„ J s 2n (E ]gw ) i=1 j=i+i J 

Proof: The contributions of the faces coming from the boundary of S , 2n(K 3 ) cancel as in the above 
case and we are left with the contributions coming from the boundary of W. o 



Lemma 2.25 Let W be a connected oriented compact four- dimensional manifold, let E be the trivial 
R 3 -bundle E = W x R 3 , and let lu denote a closed two-form on 82(E). If the inclusion induces an 
injection from H 2 (W) to H 2 (dW) and a surjection from H 1 (W) to H 1 (dW), then z n (E;u>) only 
depends on the restriction of us to dW x S 2 . 

Proof: Indeed, a closed form ui' that coincides with ui on dW x S 2 would read (lo + drf) for some 
one-form ij whose restriction to the boundary dW x S 2 is closed and may be extended to W x S 2 as 
a closed form 77'. Thus, lo' = lo + d(r/ — rf) and since (77 — rf) vanishes on dW x S 2 , Proposition 12 . 241 
guarantees that z„(E;lo) — z n (E;Lo'). o 

Here, a bundle morphism ip from an M 3 -bundle E to another one E' will always restrict to an 
isomorphism from a fiber of E to a fiber of E' . Such a bundle morphism induces bundle morphisms 
that are still denoted by ip from S n (E) to S n (E') for every n. Note that such a bundle morphism of 
R 3 -bundles is determined by if> : 82(E) — ► S2(E') up to a multiplication by a function from the base 
of E to R, that preserves all the maps %j) : S n (E) — ► S n {E'). 



n 1 



Lemma 2.26 Let E be an R 3 -bundle over a base W that is an oriented four- dimensional manifold and 
let lo denote a closed two-form on 82(E). Assume that there exist a bundle morphism ij) from E to an 
M. 3 -bundle E(X) over a base X, and a closed two-form u)(X) on S2(E(X)) such that lo = tp*(u)(X)). 
If X is a manifold of dimension < A, then z n (E;u>) = 0, and if tp is an orientation-preserving 
diffeomorphism, then z n (E\Lo) = z n (E(X); lo(X)) . 

Proof: Indeed, since the maps tp commute with the Pi(T), 

/ f\ p^Tnrnxw = i*(r)>po) . 

Js 2n (E)' i J L Js 2n (E) j 

Therefore, if X is of dimension < 4, the dimension of S2n(E(X)) is less than the dimension of 
&2n{E) and the integral vanishes. If ip is an orientation-preserving diffeomorphism, then it induces an 
orientation-preserving diffeomorphism from §2n(E) to S2n(E(X)). o 

2.6 The dependence on the trivializations 

The closure of the face F(V) in C V (M) is diffeomorphic via r M to Ci(M) x SV(R 3 )- When (S v = 
^(R 3 )) is oriented as in Subsection ll.61 the involved diffeomorphism preserves the orientation. Since 
any ordered pair P included into V = {1, 2, . . . , 2n} gives rise to a restriction map from S^n = Sy to 
Sp = S2 = S" 2 , any edge-oriented labelled graph T again induces a smooth map 

P(T) : S 2n (R 3 ) — » (^ 2 ) 3 " 

whose i th projection Pi(T) is the map associated to the edge labelled by i. 

The key-proposition to study how z„(wm) depends on the restriction of lom to ST(Bm) is the 
following one. 

Proposition 2.27 Let ujq and lj± be two admissible two-forms on C2(M) that coincide on dC2(M) \ 
ST(Bm)- Let tm be a trivialisation of (M\oo) that is standard near 00. Identify ST(Bm) to P>m x S 2 
with respect to tm- Then there exists a closed two-form u> on [0, 1] x E>m x S 2 such that 

• u> coincides with ^*b mX s^i on ({1} x E>m U [0, 1] x 8Bm) X S 2 and, 

• lo coincides with loq on {0} x Bm x S 2 , 
and, for any such two-form to, 

z n (coi) - z n (co Q ) = z„([0, 1] x B M x R 3 ; u) 

where 

~ 3n 

z„([0,l]xB M xMV)= V / f\Pi(T)*(uj)[T]. 

res n " / [o,i]xb m xSv(R 3 ) i=1 

Proof: First, the two-form to exists because the restriction induces an isomorphism from H 2 ([0, 1] x 
B M xS 2 ;I) to H 2 {d([0, 1] x B M x S 2 );R). See Lemma 

Next, 2„([0, 1] x Bm x R 3 ;u;) is independent of the chosen closed extension oj by Lemma \'2. 2 51 
Now, (z„(cj ) + z n ([0, 1] x Bm x R 3 ;o;)) is independent of loq because [0, 1] x Bm x ^(R 3 ) can 
be glued to Cy(M) along the closure of F(V)\b m that is identified to {0} x Bm x 5y(R 3 ) via tm- 
The details of this argument can be written as follows. Let Cjq be another admissible form on dC2{M) 
that coincides with u>i outside ST(Bm), and let ui = lo + drj be a closed two-form on [0, 1] x Bm x S 2 



r 



that coincides 

with u>o on {0} x B M X S 2 , and 

with it* BmxS2 ijj 1 on ({1} x B M U [0, 1] x dB M ) x S 2 . 

We assume that r\ vanishes on ({1} x Bm U [0, 1] x 8Bm) x S 2 without loss because the H 1 of this 
space is trivial. In particular, according to Proposition 12.241 

z„([0, 1] x B M x M 3 ; Co) - z„([0, 1] x B M x M 3 ; u) = 

„ 3n I i— 1 3n \ 

E / E A^( r )*(^)AP 4 (rr(r,)A /\ p,(rr(wo) [r]. 

ran JoxB„xSv(R>) i=1 \^ =1 , J=l+1 j 

Similarly, cDq and ujq extend to C2(M) as ujm and wm, respectively, and there exists a one-form rj on 
C2(M) such that u>m — wm + di/ where rf vanishes on SC^Af) \ ST(Bm), and coincides with r] on 
ST(Bm)- Then according to Proposition 12. 231 

- z„(wm) = -(-2„([0, 1] x B M x R 3 ;o>) - z„([0, 1] x B M x R 3 ; w)). 

In particular, when = u>i, we can choose the extension uj = iTj x S 2 ( Wl ) where 

^ BmxS 2 : [0, 1] x B M x M 3 — ► {1} x 5 M x R 3 

is the natural bundle morphism and we have 

z n (u ) + z„([0, 1] x B M x M 3 ; w) = 

= z n (wi) + z„([0, 1] x Bm x R 3 - : n* BMxS2 (LJi)) 
where, according to Lemma 12.261 

z„([0,l] x B M x R 3 ;^ mxS2 ( Wi )) = 0. 



Lemma 2.28 If tm is a trivialization homotopic to tm, then Z u {tm) — Z„(fjvf). 

Proof: When tm is homotopic to tm, there exists g : [0, 1] x Bm — * GL + (M. 3 ) such that g maps a 
neighborhood of ([0, 1] x (B M \ B M {1)) U {1} x B M ) to 1, and, if t m (v £ T m M) = (m,u S R 3 ), then 
tm(^ € T m M) = (m, g(0, m)(u)). The map g induces the bundle-morphism 

(j)(g) : [0, 1] x Bm x M 3 — ► R 3 

(t,m,v) i ► g(t,m)(y). 

such that 0(5)* (^32) satisfies the hypotheses of Proposition ^. 271 and 

Zn(Tfcf) - ^(rjf) = z n ([0, 1] x B M x S 2 ; (f)(g)*(uj S 2)). 

Then thanks to Lemma T2. 261 the right-hand side vanishes. o 
This lemma concludes the proof of the first part of Proposition ^. Ill 

Lemma 2.29 Let G : M\oo — ► GL+(R 3 ) map (M\oo)\B M (l) to 1. Then z n (ip(G) o tm) — z 71 (tm) 
is independent of tm ■ 



Proof: Let % be another trivialisation. Then, there exists g : (M \ oo) — > GL + (R 3 ) such that 
TM = ip(g) ° t m- The map g induces automorphisms ip(g) on all ((M \ oo) x SV). Furthermore on 
_B M x S 2 , Pm(tm) = Ps 2 , Pm(tm) = Ps 2 ° ip(g), Pm(iP(G) o t m ) = Ps 2 ° "0(G), and p M (ip(G) o f M ) = 
pg-2 o ip(G) o ij}{g). Thus, when ui is suitable to compute (z„(tm) — z n (ip(G) otm)), according to 
Proposition 12 . 2 7l -0(g)*(u;) is suitable to compute (z n (f]\{) — z n (ip(G) o fjf)), and since this amounts 
to pull-back Ai=i -Pi(r)* (w) by the orientation-preserving diffeomorphism ^(g) acting on / x Bm X 5\/, 
it does not change the integrals. Therefore, 

Zu(tm) - z n (ip(G) o r M ) = z„(f M ) - z n (tp(G) o f M ) 

and we are done. o 
The above lemma allows us to define 

24(G) = z n (ip(G) o r M ) - z n (T M ) 

for any G : M \ 00 — > GL+(R 3 ) that maps (A/ \ 00) \ B M [\) to 1. 

Lemma 2.30 If G maps the complement of a ball B 3 to the identity, and if G is homotopic to p on 
the quotient of this 3-ball by its boundary, then 

z' n (G) = S n . 

Proof: Indeed, in this case, there exists a two-form 10 on [0, 1] x Bm x S 2 that coincides with p* s2 (uss 2 ) 
near {1} x B M X S 2 and [0, 1] x (B M \ B 3 ) x S 2 and that coincides with (p S 2 o ip(p)^ 1 )* (lu S 2) near 
{0} x B 3 x S 2 where p denotes the restriction of G to B 3 that is homotopic to p. Then 

« 3n 

z n {r M ) ~ zMG)- 1 o t m ) =J2 A P »( r )*(^)[r] 

TS£„ "'[0,l]xB3xSv(R 3 ) l=1 

since the forms vanish on [0, 1] x (Bm \ B 3 ) x Sy- Now, view the bundle E\ of Subsection II. 61 as 

Ei = B 4 x K 3 U (aB 4 =S 3 =B 3 Us2 _ B 3 )xS2 -B 4 x M 3 

where (x, y) of the first copy dB A x M 3 is identified with (x, y) of the second copy if x is in (— B 3 ), and 
with ip(p)(x,y) otherwise. Then to can be extended by p* s2 (lu 32) outside [0, 1] x (B 3 ) x S 2 c -B 4 x S 2 
on S 2 (E 1 ). The integrals over S v (ExXp- 1 (([0, 1] x B 3 ) C — B 4 )) are zero. Therefore, 

n. 3n 

Z„(T M ) " Z n (i>(GY X OTM) =^ A ^( r )*(^)[ r ] = S n- 

Now, a; represents the Thorn class of E\, and we conclude with the help of Lemma \2. 291 o 
2.7 More on trivialisations of 3-manifolds 

Let us now recall some more standard facts about homotopy classes of orientation-respecting triviali- 
sations of 3-manifolds. 

Fix a trivialisation tm of T{M \oo) that is standard near 00. Any other such will read tP(G)otm for 
auniqueG : ((M\oo), M\(ooUS M (l))) — ► (Gi+(]R 3 ), 1), with the notation of PropositionOl Then 
(G 1 ^ V-"(G) o tm) induces a (non-canonical) bijection between the homotopy classes of trivialisations 
of T(M \ 00) that are standard near 00, and the homotopy classes of maps from (M, M \ Bm(1)) to 



(GL + (R 3 ), 1). This latter set is denoted by [(M, M \ B M (1)), (GL+(M 3 ), 1)]. It canonically coincides 
with [(M, M \ B M (1)), (50(3), 1)]. 

Let T be a topological group, and let X be a topological space. Define the product of two maps 
/ and g from X to T as 

fg-. x r 

x i ► f[x)g(x). 

This product induces a group structure on the set [X, T] of homotopy classes of maps from X to T. 
When X = M, this product induces a group structure on \{M, M \ B M (1)) 7 (GL+(R 3 ), 1)]. Recall the 
easy lemma. 

Lemma 2.31 The usual product of 7r„(r) coincides with the product induced by the multiplication in 
T (defined above with X = S n ). 

o 

Let Gm{p) ■ M — > 5*0(3) be a map that sends the complement of a ball B 3 C -Bm(I) to the 
identity, and that is homotopic to p on the quotient of this 3-ball by its boundary. Note that all such 
maps induce the same element [G M {p)\ in [(M, M \ B M {1)), (GL+(M 3 ), 1)]. 

The elements of [(M, M\£>m(1)), (S*0(3), 1)] have a well-defined degree that is the degree of one 
of their representative from M to 50(3) . 

Lemma 2.32 Let M be a closed oriented 3-manifold. 

1. Any map G from (M, M \ B M {1)) to (50(3), 1), such that 

;ri(G) : tti(M) — ► tti(S0(3)) = Z/2Z 

is trivial, belongs to the subgroup < [Gm(p)] > of [(M, M \ Bm(1))i (50(3), 1)] generated by 
[Gm{ P )\. 

2. For any [G] G [(M, M \ B M (1)), (50(3), 1)], 

[G] 2 G< [G M {p)\ > . 

3. The group [(M, M \ Sm(1)), (50(3), 1)] is afeeZzan. 

^. The degree is a group homomorphism from [(M, M \ _Bm(1)), (50(3), 1)] to Z. 
5. The morphism 

4f2: [(M,M\ J B M (1)),(50(3),1)]® Z Q — > Q[G M (p)] 
is an isomorphism. 

Proof: Assume that 7Ti(G) is trivial. Choose a cell decomposition of % with respect to its boundary 
with no zero-cell, only one three-cell, one-cells and two-cells. Then after a homotopy, we may assume 
that G maps the one-skeleton of Bm to 1. Next, since 7^(50(3)) = 0, we may assume that G maps the 
two-skeleton of Bm to 1, and therefore that G maps the exterior of some 3-ball to 1. Now G becomes 
a map from B 3 /dB 3 = S 3 to 50(3), and its homotopy class is k[p] in ^(5*0(3)) = Z[p], where (2k) 
is the degree of the map G from S 3 to 50(3). Therefore G is homotopic to GM(p) k , and this proves 
the first assertion. 



Since 7r 1 (G 2 ) = 27r 1 (G) is trivial, the second assertion follows. 

For the third assertion, first note that [Gm{p)\ belongs to the center of [(M, M\_Bj\/(l)), (50(3), 1)] 
because it can be supported in a small ball disjoint from the support (preimage of 50(3) \ {1}) of a 
representative of any other element. Therefore, according to the second assertion any square will be 
in the center. Furthermore, since any commutator induces the trivial map on tti(M), any commutator 
is in < [Gm{p)\ >• In particular, if / and g are elements of [{M, M \ Bm(1)), (50(3), 1)], 

(gf) 2 = (/s) 2 = tTW/XrWs) 

where the first factor equals f 2 g 2 — g 2 f 2 ■ Exchanging / and g yields f~ 1 g~ 1 fg = g 1 f~ 1 gf- Then 
the commutator that is a power of [Gm(p)} has a vanishing square, and thus a vanishing degree. Then 
it must be trivial. 

For the fourth assertion, it is easy to see that deg(fg) — deg(f) + deg(g) when / or g is a power 
of [G M {p)], and that deg(/ fe ) = fcdeg(/) for any /. In general, deg(/g) = \deg{{fg) 2 ) = §deg(/V) 
, (deg(/ 2 ) + deg(g 2 )), and the fourth assertion is proved. 
In particular, 

^: [(M,M\B M (l)),(SO(3),l)]<E>zQ — > Q[G M (p)} 
is an isomorphism, and the last assertion follows, too. o 



Lemma 2.33 The map z' n from [(M, M \ £?m(1))> (50(3), 1)] to A n ($) is a group homomorphism. 
Proof: According to LemmaE!2Hl z' n (fg) = z n (ip(f)ip(g)T M )- z n (tp(g)T M ) + z n (ip(g)T M )- z n {r M ) = 

z' n (f) + <(g)- 

This lemma, together with Lemma 12.301 that asserts that ^(Gjf(p)) = 5 n and Lemma 12.321 
concludes the proof of Proposition 12. Ill o 



2.8 Proof of Proposition fTTBI 

Recall that the first Pontryagin class p\(W) of a closed oriented 4-manifold W is the obstruction 
to trivialise the complexification of its tangent bundle. It is defined like in Subsection 11.51 See also 
[M5] , According to [CT51 Example 15.6], pi(CP 2 ) = 3. We shall use the following Rohlin theorem that 
compares the two cobordism invariants of closed 4-manifolds. 

Theorem 2.34 (Rohlin) When W is a closed oriented 4-manifold, 

Pi(W) — 3signature(W). 

Lemma 2.35 Let M be a Q-sphere. Let tm be a trivialisation ofT(M\ oo) that is trivial near oo. 
Let W and W' be two cobordisms between -B 3 (3) and Bm- Then 

Pi(W; t(tm)) — Pi(W; t(tm)) = 3 (signature(W) — signature(W')) . 

Proof: Let N(dW) be a regular neighborhood of dW in W, or in W' . Let r be a trivialisation of 
TW <g> C defined in N{dW). Set W = W \ lnt(N(dW)), and W' = W \ lnt{N(dW)). Then 

Pl (W; t) - Pl (W; t) = Pl {W- r) - Pl (W'; r) 



does not depend on the trivialisation r and equals Pi(WU g -^ —W'). According to Rohlins's theorem, 
this is 3 signature^ U ai y — W'), where W U ai ^ —W' is homeomorphic to W Ligw (— W) and dW is 
homeomorphic to M. 

Since M is a Q-sphere, the Mayer- Vietoris sequence makes clear that 

H 2 (WU M {-W');R) = H 2 (W;M.) ® H 2 (W';R), 

and it is easy to see that 

signature(W Um (-W)) = signature^) — signature(W'), 

and to conclude. o 

In particular, the definition of p\ does not depend on the chosen 4-cobordism W with signature 
0. It is clear that p\{tm) only depends on the homotopy class of tm- Proposition ll.Sl is now the direct 
consequence of Lemmas 12.381 |2~3*§I and 12". 401 below . 

Let K = K or C. Let n € N. The stabilisation maps induced by the inclusions 

i : GL(K n ) — ► GL(K e K n ) 

g i ► (i(g) : (x,y) i-> (x,g(y)) 

will be denoted by i. The K (euclidean or hermitian) oriented vector space with the direct orthonormal 
basis (ui,..., v n ) will be denoted by K < v\, . . . , v n >. The inclusions SO(n) C SU(n) will be denoted 
by c. The projection from 50(R 4 = R < l,i,j,k >) to 5 3 that maps g to g(l) is denoted by p. In 

particular, the long exact sequence associated to the fibration 50(3) SO (4) >5 3 gives rise to 

the exact sequence 

7r 3 (SO(3)) = Z{p]-^Tr 3 (SO(4))~^ir 3 (S 3 ) = Z[Id] — > {0} 

Let m r denote the map from 5 3 = 5(H) to 50(M 4 = H) be induced by the right-multiplication. When 
neS 3 and x € H, m r (w)(a;) = x.u. Define a section tr of p„, by setting 

C7([Id]) - [mr]. 

In particular, 7r 3 (50(4)) is generated by «*([/>]) and [m r ]. 

Let m^r denote the homeomorphism from 5 3 = 5(H) to SU(C 2 = C < l,j >= H) be induced 
by the right-multiplication. When v G 5 3 and igl, m^(u)(a;) = a;.u. 

mfizi + z 2 j) = 

tt 3 (SU(2)) = Z[mjr] 

Finally recall that i™ : 7r 3 (5J7(2)) — ► Tt 3 (SU(n + 2)) is an isomorphism for any natural number n, 
and in particular, that 

7r 3 (5[/(4))=Z[i 2 (m^)]. 
The following lemma determines the map 

C : 7r 3 (50(4)) — > vr 3 (5[/(4)). 



^2 Zl 



on 



Lemma 2.36 



cW) = 2[t 2 (ro?)]- 
c*(i*([p]))=-4[i 2 (m?: 



7r 8 (SO(4)) =Z[m r ]8Zi*(H). 

PROOF: Let denote the map from 5 3 — 5(H) to 5<3(R 4 = H) induced by the left-multiplication. 
When v £ 5 3 and x £ H, m^(v)(cc) = v.x. Let m r = m" 1 . When v G 5 3 and x G H, m r (z;)(x) = x.iJ. 
Then in 7T 3 (50(4)), 

= I TO ^] + I" 1 '-] = [m e ] - [m r ], 



thanks to Lemma 12.311 Now, using the conjugacy of quaternions, me(v)(x) — v.x — x.v = rn r {v)(x) . 
Therefore mi is conjugated to m r via the conjugacy of quaternions that acts on R 4 as a hyperplan 
symmetry. 

Now, observe that since U(A) is connected, the conjugacy by an element of U(A) induces the 
identity on tt 3 (5Z7(4)). Thus, 

c*([me\) = c*([m r ]) = -c*([m r ]), 

and 

c*(i*([p])) = -2c*([m r ]). 

Therefore, we are left with the proof of the following sublemma that implies that i» : ^(50(3)) — > 
7r 3 (50(4)) is injective and thus, that 



Sublemma 2.37 



7r 3 (50(4)) =Z[m r ]®Zu([p]). 



c*{[m r ])=2[i 2 {m c r )]. 



Proof: Let H + 7H denote the complexification of IR 4 = H = R < l,i,j,k >. Here, C 
When ieH and v e 5 3 , c(m r )(v)(Ix) — Ix.v, and I 2 = —1. Let e = ±1, define 



V2 



V2, 



C 2 (e) = C < ^-(1 + eli), + > • 

Consider the quotient C 4 /C 2 (e). In this quotient, Ii — —el, Ik — —ej, and since I 2 = —1, II = ei and 
Ij = ek. Therefore this quotient is isomorphic to H as a real vector space with its complex structure 
I = ei. Then it is easy to see that c(m r ) maps C 2 (e) to in this quotient. Thus c(m r )(C 2 (e)) = C 2 (e). 
Now, observe that H+JH is the orthogonal sum of C 2 (l) and C 2 (— 1). In particular, C 2 (e) is isomorphic 
to the quotient C 4 /C 2 (— e) that is isomorphic to (H;7 = — ei) and c(m r ) acts on it by the right 
multiplication. Therefore, with respect to the orthonormal basis ^(1 — Ii, j — Ik, 1 + Ii, j + Ik), 
c(m r ) reads 

" z x -z 2 

z 2 zi 

zi = xi- Iyi —Z2 
z 2 zi = xi + Iy\ 

Therefore, the homotopy class of c(m r ) (invariant under conjugacy by an element of U(A)) is the sum 
of the homotopy classes of 



c(m r )(zi + z 2 j) = 



(zi + z 2 j) 



mjr 
1 



and (zt + z 2 j) 



1 

wS O I 



• > 1 



where + z 2 j) = ~Z\ + z 2 j. Since the first map is conjugate by a fixed element of SU(A) to i^(m^), 
it is homotopic to i^(mjr), and since t induces the identity on -^(S 13 ), the second map is nomotopic 
to i%(mf), too. o 



Lemma 2.38 Consider g : (S M ,]1,3] x 5 2 ) — ► (5*0(3), 1) and 

1>(g) : B M x R 3 — » B M x K 3 

fa, 2/) i-> fa.fffaXj/)) 

t/ien (j>i(i)(g) o tm) — Pi{tm)) is independent of tm- 

Proof: Indeed, (pi(ip(g) ° Tm) ~ Pi(tm)) can be defined as the obstruction to extend the following 
trivialisation of the tangent bundle of [0, 1] x Bm restricted to the boundary. This trivialisation is 
T[0, 1]0tm on ({0} x B A/ )U([0, 1] x dB M ) and T[0, l]®ip(g)oT M on {1} x B M . But this obstruction is 
the obstruction to extend the map g from d([0, 1]xBm) to 5*0(4) that maps ({0} xBm)U([0, 1] x8Bm) 
to 1 and that coincides with i(g) on {1} x Bm, viewed as a map from d([0, 1] x Bm) to SU(i), on 
([0,1] x Bm)- This obstruction that lies in 7r 3 (5?7(4)) since TTi(SU(4)) = 0, for i < 3, is independent 
of tm- o 

Define p' x : [(M, M \ B M (1)), (50(3), 1)] — > Z by 

pUs) = pi(^(g) ° t m) - pi(t m )- 

Lemma 2.39 

Pi(flO = PlWKflO ° t m) - Pi(rw) = -2deg(g). 

Proof: Lemma [2.381 guarantees that is a group homomorphism. According to Lemma [2.321 p' x 
must read p\{Gm{p))^^- Thus, we are left with the proof that 

p'i(G M (p)) = -4. 

Let g = Gm (p) > we can extend g (defined in the proof of Lemma l2.38l) by the constant map with value 
1 outside [e, 1] x B 3 = B A and, in tt 3 (5[/(4)) 

H9\dB*)\ = -(PiMff) ° t m) - pi{T M ))\i 2 {m^)}. 
Since is homotopic to i(p)^ 1 , Lemma 12.361 allows us to conclude. o 

Lemma 2.40 • If M is a given "L-sphere, then p\ defines a bijection from the set of homotopy 
classes of trivialisations of M that are standard near 00 to 4Z. 

• For any Z-sphere M, for any trivialisation tm of M that is standard near 00, 

(Pi(t M ) ~ dimension(H 1 (M;Z/21))) G 2Z. 

Proof: Any closed oriented 3-manifold M bounds a 4-dimensional manifold W obtained from B 4 = 
[0,e] x B 3 by attaching b 2 (W) two-handles with even self- intersection |Kap| . We are going to prove 
the following sublcmma. 

Sublemma 2.41 There exists a trivialisation tm ofT(M\ 00) that is standard near 00 such that 

Pi{W;t{t m )) = 2b 2 {W) mod 4. 



• > n 



Proof: For our W, there exists a Morse function that coincides with the projection onto [0, 1] near 
the boundary where W looks like [0, 1] x B 3 or [0, 1] x Bm and whose only critical points are index two 
critical points that correspond to the b2(W) two-handles. Let X be the gradient field of this function 
that is defined outside the critical points. Let B 4 be a 4-ball of W that intersects dW along a 3-ball 
B 3 C M and that contains all the critical points. W\B 4 is homotopy equivalent to W and is obtained 
from a regular neighborhood of ({0} x B 3 ) U (—[0, 1] x S 2 ) by attaching two-handles. The obstruction 
to extend the trivialisation X © r| of TW defined near ({0} x5 3 )U(-[0, l]x5 2 ) to these handles is in 
tti(SO(A)) — i*(7Ti(50(3))) = Z/2Z, it is the self-intersection of the handles mod 2, and it vanishes. 
Therefore, the trivialisation X © rj of TW defined near ({0} x B 3 )(j(-[0, 1] x S 2 ) extends to (W\B 4 ) 
as a trivialisation of the form X © r. In particular, r provides a trivialisation tm on Bm \ B 3 that is 
standard near oo, and that can be extended to B 3 since ir 2 (SO(3)) = {0}. Now, X © r is a frame on 
dB 4 that is viewed as a map from dB 4 to SO (4), and, in ns(SU(4)) 

MXffir)] = - Pl (W;T(T M ))\i 2 (m^)}. 

Note that p{X®r) = X and that [X] = b 2 {W)[\A] in ir 3 (S 3 ) = H 3 (S 3 ). Indeed, X defines a map from 
the complement C in B 4 of small balls centered at the critical points to S 3 . In C, dB 4 is homologous 
to the sum of the boundaries of these small balls. Therefore, when X* denotes the map from H 3 (C) 
to H 3 (S 3 ) induced by X, [X] = X*[dB 4 ] is the sum of the degrees of X on the boundaries of the 
small balls. Since X is obtained from the outward normal field by a multiplication by a matrix with 
two negative eigenvalues on the boundaries of these small balls, the degree is one for all these critical 
points, and we have proved that [X] = 62 (Lt^) [Id] . Therefore, 

(X © r) G (b 2 (W)m r © 4(^(50(3)))) C 7r 3 (£0(4)), 

and, according to Lemma \'Z. 361 

MXffir)] G 2b 2 {W)Z[i 2 (mf)} + 4Z\i 2 (mf)}, 

This concludes the proof of the sublemma. o 

Now, it follows from Lemma \'2 . 351 that 

Pi(tm) = Pi(W; t(t m )) - 3 signature(W) 
= 2b 2 (W) - 3 signature^) mod 4. 

Since M is a Q-sphere, (signature(PF) — b 2 (W)) G 2Z, and therefore 

Pi(tm) = signature^) mod 4. 

When M is a Z-sphere the intersection form of W is unimodular, therefore since the form is even the 
signature of W is divisible by 8 (see [Bil Chap. V]), and Pi(tm) G 4Z. Thus, by Lemmas |2.32l and 
12.391 pi maps the homotopy classes of trivialisations of M that are standard near 00 onto 4Z. These 
lemmas also show that p\ is bijective from the set of homotopy classes of trivialisations of M that are 
standard near 00 to 4Z. 

Lemma 12.391 implies that for any pair (rjwi t m) 01 trivialisations of M that are standard near 00, 
(pi(tm) — Pi( t 'm)) i s even. Now, since the intersection matrix of W mod 2 is a presentation matrix 

for Hi(M;Z/2Z) and since it can be written as the orthogonal sum of matrices 

matrix of dimension rank(7Ji(M; Z/2Z)), 



1 

1 



and a null 



signature^) = rank(iJj (M; Z/2Z)) mod 2 
and we are done. This concludes the proof of Lemma \l. 401 and the proof of Proposition II. 81 



2.9 Computation of ^ 

We use notation introduced in Subsection II. 61 

Proposition 2.42 The projective space CP 3 is homeomorphic to — S 2 (Ei). 
Lemma 2.43 The projective space CP 3 is an S 2 -bundle over S 4 . 

Proof: Let H = C © Cj be the quaternionic field, and let HP 1 be the quotient of H 2 \ by the left 
multiplication by (HP = H \ {0}). 

HP 1 = S 4 = {(hi : 1); hi G H} U H » {(1 : h 2 ); h 2 e H}. 

where (hi : 1) = (1 : h^ 1 ) when hi ^ 0. The complex projective space CP 3 is the quotient of 
(C 4 \ {0} = H 2 \ 0) by the left multiplication by C* C HP. The projection from H 2 \ {0} to 5 4 factors 
through CP 3 that becomes a bundle over 5 4 with fiber c * \ (H \ {0}) = CP 1 = 5 2 . o 



Lemma 2.44 Let Pi 



13 



1 
1 
-10 



€ 50(3). Let 



g 3 : 5 3 — ► 50(3) 

hi ^ PiapVn)- 1 ^ 1 

CP 3 = B 4 x 5 2 U ng3) (~B 4 x 5 2 ) 

Proof: Let hi <E Ht*. The fiber of C 4 \ {0} over (hi : 1) is {(khi, ft); ft e HP}. The fiber of C 4 \ {0} 
over (1 : ft^ 1 ) is {(I , lh^); I e HP} with £ = fc/n- Therefore, 

CP 3 = P 4 x CP 1 U v , (73 ) (-P 4 x CP 1 ) 

where ^(t&)((/h; [ft]) e OB 4 x CP 1 ) - (Ai;7&Cn)(M)) an d 7&(*n)([*]) = Mi] in c* \ HP = CP 1 , 
with [k — zi + z 2 j] = (zi : z 2 ). To express the action (hi) of 73 (hi) on 

5 2 = {(z e C; ft e R); |z| 2 + ft 2 = 1}, 

we will use the inverse diffcomorphisms 





CP 1 




(z\ • z 2 


r 1 : 


5 2 




(z-h) 



5 



2 



. / 2ziz 2 j _ |z 2 | -pll 

M*il a +I»| a ' l*ii a +l»2| 
— > CP 1 

(z:l + h) if ft, ^ —1 

(1 - ft : 3) if ft 7^ 1 

and write 

Let (z; ft) G 5 2 , ft 7^ -1. Let fti = z 3 + z 4 j S 5 3 C H. 

(z + (l + ft)j)(23 + ^4j) = 4+4i 
with z[ — ZZ3 — (1 + h)zi, z' 2 = zz^ + (1 + ft)^3, and 

\z'i\ 2 + \z' 2 \ 2 = |z| 2 + (l + ft) 2 = 2 + 2ft. 



O A 



Then 

53(23 + z A j){z; ti) = £(73(23 + Zi j){z :l + h))= : z' 2 )) = (zf; ti). 



141 = MM 2 + (l + /i) 2 |z 3 | 2 + (l + M(^3Z4+^Pi)- 

| z '|2 

J = 1 + ft-(|z 3 | 2 - I ^4 1 2 ) + (ZZ 3 Z± + ZZ 3 Z 4 ). 



l + h 



ti = 



2\z^-(\z^ + \z^) |4| 



1 = h(\z 3 \ 2 - \z 4 \ 2 ) + (ZZ3Z4 + zz 3 z 4 ). 



KP + I4I 2 l + h 

z[f 2 = \z\ 2 z 3 z 4 - (1 + h) 2 z 3 z 4 + (1 + ti)z\z - (1 + /i^z 



2 ^1^2 ni — , 2 — 2 — 

- — — = -2/iz 3 z 4 + z 3 z - z 4 z. 

In particular, the map 53(2:3 + z 4 j) from S 2 to S 2 extends as an element of GL(M. 3 ) still denoted by 
53(23 + 24 j) with the matrix 



53(23 + 24 j) 



zf Im(z| — zf ) — 2Rc(z 3 z 4 ) 



Re(z 

Im(zf + zf Re(zf + zf) -2Im(z 3 z 4 ) 
2Re(z 3 z 4 ) -2±m(z 3 z 4 ) |z 3 | 2 - |z 4 | 2 



Let us now compute the matrix of the conjugacy 

^(23 + 24 j) : v h-> (z 3 + z 4 j)v(z 3 - z 4 j). 
(23 + 24.7)2(23 - z 4 j) = i{\z 3 \ 2 - \z 4 \ 2 ) - 2z 3 z 4 k 

(23 + 2 4 j)j(23 - Z 4 j) = (Z 3 + zfj + Z 3 Z 4 - Z 4 Z 3 

(23 + z 4 j)k(z 3 - z 4 j) = i(z 4 z 3 + z 3 z 4 ) - zfk + zfk 



p(z 3 + z 4 j) 



\z 3 \ 2 - \z 4 \ 2 2Im(z 3 z 4 ) 2Re(z 3 2 4 ) 
2Im(z 3 Z4) Re(zf + zf Im(zf - zf) 
-2Re(z 3 z 4 ) Im(z| + zf) Re(zf - zf 

Therefore, g 3 (z 3 + z 4 j) — P\ 3 p(z 3 + Z4j) _1 Pi 3 , and we are done. 



It is now easy to conclude the proof of Proposition I2.42| Since SO(3) is connected, the gluing 
map of Lemma 12. 441 is homotopic to (v 1— > p~ l (v)). Now, to conclude define the orientation-reversing 
diffcomorphism S from 



CP 3 = B x S U 



,,-x, (-B 4 x5 2 

SS 4 xS 2 ' ^ 'd(-B*)xS 3 



to 



by 



and 



S 2 (E 4 ) = B 4 xS 2 U Mp) (-B 4 x S 2 



S((x,v) e B 4 x S 2 C CP 3 ) = (x,v) e -B 4 x S 2 C 5 2 (-E'i) 
S((x,v) e -B 4 xS 2 c CP 3 ) = (x,v) eB 4 xS 2 c S 2 (E 1 ). 



n r 



Proposition 2.45 

Proof: The only degree one Jacobi diagram is 




Orient its edges from 1 to 2, and orient V(9) — {1, 2} with its natural order. Then the edge-orientation 
of 9 is given by the order (a, A, b, B, c, C) that is equivalent to the order (a, b, c, B, A, C) of the vertex- 
orientation where the vertices of 9 are oriented by the picture. Therefore, 

11 JS 2 {E 1 ) 

Recall that H 2 (S2(Ei)) = H 2 (CP 3 ) = Z[u>cp3) where ojcp 3 is Poincare dual to CP 2 and J cpl locp 3 = 
1. Since the orientation-reversing diffcomorphism S from CP 3 to S 2 (-Pi) restricts to an orientation- 
preserving diffcomorphism from a fiber CP 1 of CP 3 to a fiber S 2 of #2 (Pi), 

f (5- 1 )*(^ CP 3) = l= / L0 T . 
JSiCP 1 ) JSiCP 1 ) 

Since H 2 (S 2 (E 1 )) = Z, this shows that uj t = (S' 1 )* (lo C p 3 ) ■ Then 

126 = / (S" 1 )*^) 3 ^ = - / lo 3 cp3 [9] = -[9]. 

JS 2 (E 1 ) J CP 3 

o 



3 Compact ificat ions of configuration spaces 



In this section, we give a detailed description of the compactifications of the configuration spaces 
mentioned in Subsection 12.21 and we prove all the statements of this subsection that is the introduction 
to this section. These compactifications are similar to the Fulton and MacPherson compactifications 
FMcP] first used by Bott and Taubes in |BT| . Here, we use the Poirier approach |Poj to present them. 
The used definitions and the used properties of blow-ups will be given in Subsection 13. 21 

3.1 Topological definition of the compactifications 

For any subset A of V, recall the restriction map 

Pa ■ Cy{M) — ► C'a(M). 

Let M A (oo A ) be the manifold obtained from M A by blowing-up oo A = (oo,oo, . . . , oo). When 
HA = 1, set C(A;M) = M A (oo). When $A > 1, define C(A;M) from M A (oo A ) by blowing-up the 
closure of the strict diagonal of (M\oo) A made of the constant maps from A to (M\oo). Proposition ^. 51 
asserts that C(A; M) inherits a canonical differentiable structure from the differentiable structure of 
M A . Let Ua ■ C(A; M) — ► M A be the canonical projection. 

Consider the embedding 

i= J] PA :C V (M)^ J] C(A;M) 

and identify Cy(M) with its image under t. Define Cy(M) as a topological space as the closure of 
i(Cv(M)) in the compact space Jl^cy a=^% ^(-^5 -^0- Note that when (jV = 1, Cy (M) is homeomorphic 
to Ci(M). We have the following lemma. 

Lemma 3.1 Any c = (ca)a<zv,a^</) € Cy{M), satisfies the following property (CI): The restriction 
ofHv(cv) to A is equal to Ha(ca)- 

Proof: Indeed, the set made of the configurations that satisfy (CI) for a given A is closed since it 
is the preimage of the diagonal of (M A ) 2 under a continuous map. Furthermore, this set contains 
C V (M). Therefore, it contains C V (M). o 

Since we shall use the differentiable structure of the C(A; M) to define the structure of Cy(M). 
We first study the former one in detail. 

3.2 Differentiable structure on a blow-up 

Definition 3.2 A dilation is a homothety with ratio in ]0, oo[. 

In general, when V is a vector space SV = S(V) — tq^t denotes the quotient of (V \ {0}) by 
the action of ]0, oo[ that always operates by scalar multiplication. Recall that the unit normal bundle 
SNx (Z) of a submanifold Z in a smooth manifold X is a bundle over Z whose fiber over (z 6 Z) is 

Definition 3.3 As a set, the blow-up of X along Z is 

X{Z) = (X\Z)USN X (Z). 

It is equipped with a canonical projection from X{Z) to X that is the identity outside SNx(Z) and 
that is the bundle projection from SNx(Z) to Z on SNx(Z). The following proposition defines the 
canonical smooth structure of a blow-up. 



Proposition 3.4 Let Z be a C°° submanifold of a C°° manifold X that is transverse to the possible 
boundary dX of X . The blow-up X(Z) has a unique smooth structure of a manifold with corners such 
that 

1. the canonical projection from X{Z) to X is smooth and restricts to a diffeomorphism from X\Z 
to its image in X, 

2. any smooth diffeomorphism <j) : [0,oo[ c xR™ — > X from [0, oo[°xR n to an open subset (f>([0, oo[ c xR 
in X whose image intersects Z exactly along <f>([0, oo[ c xM d_c x 0), for natural integers c,d,k 
with c< d, provides a smooth embedding 

([0,oo[ c xM d - c ) x [0,oo[x5" +c - d - 1 - > X(Z) 

(x, A €]0, oo [, v) i ► <j>(x,Xv) 

{x,0,v) ' i ^ D<j)(x,0)(v) € SNx(Z) 

with open image in X(Z). 

PROOF: We use local diffeomorphisms of the form <fi and charts on X \ Z to build an atlas for X(Z). 
These charts are obviously compatible over X \ Z, and we need to check compatibility for charts <$> 
and 4> induced by embeddings <j> and ip as in the statement. For these, transition maps read: 

(x, A, it) i ► (x, A, u) 

where 

x = p\ o o (f>{x, \u) 
A =|| P2 o V> _1 ° <f>(x,\u) || 
p 2 oi>~ 1 Q(t>{x,\u) if A 7^ 

D(p 2 ojj- 1 o4,(xfl))(u)dt _ 
\\D(p 2 o4,-io4>(xfi))(u)dt\\ 11 A — U 

In order to check that this is smooth, write 

P2 o V> _1 ° 4>{x, Xu) = X D (j>2 ° iJj^ 1 o (f>(x, tXu)) (u)dt 
Jo 

where the integral does not vanish when A is small enough. 

More precisely, assuming c = for simplicity in the notation, since the restriction to S n ^ d ^ 1 of 
D (j>2 ° V' -1 ° ^{ x i 0)) is an injection, for any u$ € S n ~ d ~ 1 , there exists a neighborhood of (0, Uo) in 
[0,oo[xS" l_d ~ 1 such that for any (A, u) in this neighborhood, we have the following condition about 
the scalar product 

(D ( P 2 o </T 1 o 4>{x, Xu)) (u), D (p 2 o ip- 1 o (j>( x , 0)) (u)) > 0. 
Therefore, there exists e > such that for any A e [0, e[, and for any u £ S n ~ , 
(D (p 2 o T/T 1 o (j)(x, Xu)) (u), D (p 2 o tJj- 1 o (j)(x, 0)) (u)) > 0. 

Then 

A = A || / D (p2 o V^ 1 ° ^(a;, *Ait)) || 
Jo 

is a smooth function (defined even when A < 0) and 

J D (p2 ° iAu)) (u)tfi 

U — j 

|| J D (^2 ° ° <l>(x, tXu)) (u)dt | 
is smooth, too. o 



Proposition 3.5 Let Y be a C°° submanifold of a C°° manifold X without boundary, and let Z be a 
C°° submanifold ofY. 

1. The boundary dX{Z) of X(Z) is canonically diffeomorphic to SNx(Z). 

2. The closure Y of (Y \ Z) in X(Z) is a submanifold of X{Z) that intersects dX(Z) as the unit 
normal bundle SNy(Z) of Z in Y. 

3. The blow-up X(Z)(Y) of X{Z) along Y has a canonical differential structure of a manifold with 
corners, and the preimage of Y C X(Z) in X(Z)(Y) under the canonical projection 

X(Z)(Y)^X(Z) 

is a fibered space over Y with fiber the spherical normal bundle ofY in X pulled back by (Y — ► 
Y)- 

Proof: 

1. The first assertion is easy to observe from the charts in Proposition 13 .41 

2. Now, it is always possible to choose a chart <f> as above such that furthermore the image of <f> 
intersects Y exactly along 0(M fe x 0), k > d. Then, let us look at the induced chart <j> of X(Z) 
near a point of dX(Z). 

The intersection of (Y \ Z) with the image of 4> is 4> (M d x]0, oo[x (S^- 1 c S n - d - v )). Thus, 
the closure of (Y \ Z) intersects the image of 4> as 

4> (R d x [0, oo[x (S^- 1 c S 71 -*- 1 )) . 

3. Together with the above mentioned charts of Y, the smooth injective map 

gk—d—l ^ j^n— /e ^ on—d—l 

II II 

identifies W l ~ k with the fibers of the normal bundle of Y in X(Z). The blow-up process will 
therefore replace Y by the quotient of the corresponding (M"~' c \ {0})-bundle by ]0, oof which is 
of course the pull-back under the natural projection (Y — ► Y) of the spherical normal bundle 
of Y in X. 



Proof of Lemma ll.U According to Proposition 13.41 near the diagonal of K 3 , we have a chart of 

V> : R 3 x [0,oo[xS' 2 — ► C 2 (S* 3 ) 

that maps (x € M 3 , A G]0, oo[, y £ S 2 ) to (x, x + Ay) e (M 3 ) 2 . Here, p$3 extends as the projection onto 
the iS* 2 factor. 
Consider the embedding 



H{x e S 2 ) 



S 3 

oo if /i = 
—x otherwise. 



This chart identifies S'(T 00 S' 3 ) to S(R 3 ). When fj, ^ 0, 

Ps^{4>oo{^x),y G K 3 ) 

II W - a || 

Then p S 3 can be smoothly extended on 5(T 00 S' 3 ) x R 3 by 

p s «(£>0oo(ic) G ^(Too5 3 ),y G R 3 ) = -.x. 

Similarly, set 

p s3 (x g R 3 , D(p ao (y e S(R 3 )) e Sp^S 3 )) = y . 

Now, when 

S((1R 3 ) 2 ) \ S(diag((K 3 ) 2 )) = S , ((T 00 5' 3 ) 2 ) \ ^diag^^S 3 ) 2 )) J , 
and when x and y are not equal to zero, 

« u ,* r\„^ ~ FF li ; II 2 y- II y II 2 ; 

^(Ax),^)) = JZET-^ = WW^IW^W 

Therefore, ps$ smoothly extends on M 2 (oo,oo) outside the boundaries of oo x Ci(M), Ci(M) x oo 
and diag(Ci(M)) as 

PssdD^n^y) e s 5 )) = W x W 2 y-\\y\\ 2x 



x\\*y- \\y\\ 2 xW 

Let us check that ps3 smoothly extends over the boundary of the diagonal of C\{M). There is a chart 
of C2(M) near the preimage of this boundary in C%{M) 

V>2 : [0,oo[x[0,oo[xS 2 x S 2 — ► C 2 (5 3 ) 

that maps (A G]0, oo[, \i g]0, oo[, x G S* 2 , y G S* 2 ) to (</>oo(Ax), </>oo(A(x + /zy))) where reads 

y — 2(x, y)x — /ix 



(X,H,x,y) 



II y-2{x,y)x- || 



and therefore smoothly extends when /it = 0. We similarly check that p$3 smoothly extends over the 
boundaries of (00 x C\{M)) and (Ci(M) x 00). o 



3.3 The differentiable structure of C(A;M) 

Recall that M A (oo A ) is the manifold obtained from M A by blowing-up oo A — (00,00, . . . ,00). As a 
set, M A (oo A ) is the union of M A \ oo A with the spherical tangent bundle S ((T 00 M) A ) of M A at oo A . 
Let diag((M \ oo) A ) denote the closure in M A (oo A ) of the strict diagonal of (M \ oo) A made of the 
constant maps. The boundary of diag((M \ oo) A ) is the strict diagonal of (TooM\ 0) A up to dilation. 
This allows us to see all the elements of diag((M \ 00) A ) as constant maps from A to Ci(M), and 
provides a canonical diffcomorphism pi : diag((M \ oo)' 4 ) — ► C\{M). 

Now, C(A; M) is obtained from M A (oo A ) by blowing-up diag((M \ oo) A ). Thus, as a set, C(A; M) 
is the union of 

• the set of non constant maps from A to M, 
. the S p aC e (^M^dgc^M)^ and; 



A < \ 



the bundle over diag((M \ oo) A ) = C\(M) whose fiber at a constant map with value x € Ci(M) 
is 



S 



A 



v diag((T ni(x )M)^) J 

Note that ( diag^'^M)^) \ °) may be identified with (( T n l( *)M) A \ 6 \ 0) for any b E A through 

[MaeA] l-» («a - U&)a€(A\6)- 

Recall that for ic V, II^ : C(A; M) — ► M A denotes the canonical projection. When V is a euclidean 
vector space, S(V) is simply the unit sphere of V. 

Example 3.6 Charts near II^ 1 (diag((M \ oo) A )). 
Let 

<fi : K 3 — ► M \ oo 

be a smooth embedding that is a chart of M near (j)(0) = x. Let A be a finite set of cardinality $A > 2. 
Let b E A. Let us construct an explicit chart ip(A; <jr, b) of C(A; M) near a point of H^ 1 (x A ) where x A 
denotes the constant map of M A with value x. 
We have the chart 

$(A; (j>; b) : R 3 x (R 3 )^ — ► M A 

(j/ ' (2/c)c ^ b) " ( C ^{ JS + »c) lf(c = A\6) ) 
of submanifold for the strict diagonal, and this induces the chart 



R 3 x [0,oo[xS((R 3 )^V>)) ^iA 6 ! C(A;M) 

(j/,Ae]0,Oo[,(j/ c ) ce( A\6)) !-» 



0(y) if c = b 

4>(v + \yc) if(ceA\6) 



(y, o, (yc)*^)) - (^(y)(yc)) ce(AV6) € 5 ( Ai ^^ M)A) ) 

for C(A;M) in ir^QR 3 )^). 

Let S ^ diag(T(M\oo) A ) ) denote the total space of the fibration over (M \ oo) whose fiber over x E 



IL J :IL 4 1 (diag(M\cx))' 4 ) 



T(M \ oo) 



diag(T(M \ oo)' 4 ) 7 ' 



denote the canonical projection. An element in the target of IL^II^ 1 (x A )) will be seen as a non- 
constant map from A to T X M up to translation and up to dilation. 

Lemma 3.7 Any c = (ca)agv.a^<6 € CV(M), satisfies the following property (C2); For any two 
subsets A and B ofV such that the cardinality of A is greater than 1 and A C B, if cb € TL^ 1 (diag(M\ 
oo) B ), then the restriction to A ofU d (c B ) is a (possibly null) positive multiple ofU d (c A ). 

PROOF: Choose a basepoint b E A for A and B. Consider the projection Hab of Ylccvc^ti M) 
onto C(A;M) x C(B;M) in a neighborhood of some c such that x s = Hb(cb) an d x A = Ua(c a ), 
with .x e M\oo. Then 

</»; 6)" 1 x 0; ft)" 1 ) on AB 



,( -1 



map the elements of CV(M) to elements of the form (y, X a ,ua,V 7 Xb,u b ) where y € R 3 , Xa,Xb G 
]0,+oo[, u A G (R 3 ) A \ b , w s € (R 3 ) B \ b , || u A || = || us ||= 1 and, 

^bp(ub) = ^aua 

where p is the natural projection (or restriction) from (R 3 ) B \ fc to (R 3 )^ 6 . In particular, p(us) and ua 
are colinear in (R 3 )" 4 ^, and their scalar product is > 0. These two conditions define a closed subset of 
((R 3 )' 4 \ b ) . Therefore, they must be satisfied in the image of the closure Cy(M). Since they read as 
stated when cb € II i3 1 (diag(M \ oo) B ) , that is when Xb — 0, (and hence A,4 = 0, too) we are done. 

❖ 

Let 

n m : n^(oo A ) — » S ((T oc M)' 4 ) C M A (oo A ) 

denote the canonical projection. 

An element in the target of IIoo will be seen as a non-zero map from A to T^M up to dilation. 

Example 3.8 Charts of M A (oo A ) near TT^{oo A ). 
Let 

<t>oo ■ R 3 — ► M 

be a smooth embedding such that ^co(O) = oo. Then the composition 

]0,oo[x^((R 3 ) A ) multipliCati ° n (R 3 ) A ^M A 

induces the chart 

ip(A; ifioa) : [0,oc[xS((R 3 ) A ) — > M A (oo A ) 

(A, u) i > o Xu when A =/= 0. 

Here, u is seen as a map from A to R 3 . 
Note that n oo ('(/'(A; OO )(O, u)) = A^oo ° it- 
Lemma 3.9 Any c — (ca) acv,a^ S CV(-&0j satisfies the following property (C3): For any two non- 
empty subsets A and BofV such that A C B, if cb S IIg 1 (oo s ), i/ien i/ie restriction to A o/ IIoo (cb) 
is a (possibly null) positive multiple o/II 00 (ca)- 

Proof: This can be proved along the same lines as Lemma \'6 . 71 using the chart of Example 13.81 and 
this is left to the reader. o 

Example 3.10 Charts of C(A;M) near the intersection of II^ 1 (0c 4 ) and the closure of the 
strict diagonal of (M \ oo) A . 

Use the notation of the previous example 13.81 Let b E A. Assume §A > 1. From tp(A; b) 



]0,oo[xS*(R 3 x (R 3 )0*V>)) — ► M J 



we get a chart 



oV7p2/) ifc = 6 

vP 4 



V>(A; 0oo; 6) : [0,oo[x5 2 x [0, oo[xS ((R 3 )( A \ h )) — ► C(A;M) 
with the property that 

1 



n j4 (V'(A;(/) 00 ;6)(A, u,(i,v)) = </>oo ° A ( + 



as a map from A to M, where v(b) — 0. In particular 

II^cx/) n Im (^(A; ^b)) = ^{A; tft^b) ({0} x S 2 x [0, oo[xS ((M 3 )^)) 

and 

n m : n^ 1 (oo^)nlm(^(A;^ 00 ;6)) — » 5((T m Af) A ) C M A (co A ) 
V'(A;0 oo ;6)(O,m, jti,u) i-> L> o 0oo ° ( + 

where u' 4 stands for the constant map with value u. 



The boundary n-^diag^ooM) 71 ) of diag((M \ oo) A ) is ^{A; ^ &)({0} x5 2 x{0}xS ((R 3 )( A \ b ))). 
The projection pi of ip(A; (/>oo; 6)(0, u, 0, u) onto the boundary of Ci(M) is I?o < / , oo(m) € S'(T 00 (M)). 



Let 



Deo,- : n-(diag(T.M)-)) ^ S ( ^^ j 



denote the canonical map. Note that it reads 

0oo ; b) (0, u, 0, u) h-> A)</>oo ° u 

in the above charts. 

Lemma 3.11 Any c — (ca)acv,aj$ G Cy(M), satisfies the following property (C4): For any two 
subsets A and B of V such that the cardinality of A is greater than 1 and Ad B, if cb G IL^^oo 3 ), 
and i/IIoo (eg) is a constant map (or is diagonal) then the restriction to A o/ILjo^Cb) is a (possibly 
null) positive multiple of ILjo^Ca). 

Proof: Again, this can be seen on the charts given in the previous example. Consider the projection 
ILlB of Ilccyc/0 C{C] M) onto C(A; M) x C(B; M) in a neighborhood of some c such that oo B = 
LTs(cb), 1100(05) is constant, 00^ = H b (ca) and IXx^ca) is constant. Then 

(ip(A; 0oo; x i/)(B; ^b)- 1 ) o n AB 
maps the elements of CV(M) to elements of the form 

(Aa, ua, ha, va, As, «b, Mb, ub) 
where A A , \b,Pa,Pb g]0,+oo[, iia,« b G S 2 , w A G S((R 3 ) A \ b ), v B G 5((R 3 ) s \ b ), and, 

As A^ 

:11B = —=UA 



VP VP 

^b^bp{vb) = Xa^ava 

where p is the natural projection (or restriction) from (R 3 ) B \ b to (R 3 )^ 6 . Now, it is easy to conclude 
as before. o 



3.4 Sketch of construction of the differentiable structure of Cy(M) 

In this subsection, we sketch the construction of the differentiable structure of Cy(M) and we reduce 
the proofs of Propositions 12.51 12.61 12.71 12.81 to the proofs of Lemmas 13.161 13.181 and Proposition 13.131 
stated below. 



We shall use the notation A C B (resp. A C B) to say that A is a subset (resp. strict subset) of 
B. Define Cy(M) to be the set of the elements c — {ca)a<zv,a^$ of 

that satisfy the properties (CI), (C2), (C3) (C4), of Lemmas EH1 1X71 and EHI! These lemmas 
ensure that Cy(M) is a subset of Cy{M). 

An element of Cy(M) is a map (Hy(cy) G A/ y ) from F to M with additional data that allow 
us to see 

• the restricted configurations corresponding to a multiple point x ^ oo at any scale A C 
TLy(cy)~ 1 (x) as a non-constant map TLd(cA) from A to T X M up to dilation and translation, 

• the restricted configuration at a scale A C Ily(cy)~ 1 (co) first as a non-zero map n oo (c J 4) from 
A to TooM up to dilation, and, if this latter map is constant, 

• with an additional zoom, the restricted configuration at a smaller scale as another independent 
non-constant map II 00i( j(ca) from A to T^M up to dilation and translation. 

with respective compatibity conditions (C2), (C3), (C4). Therefore, elements of Cy(M) will be called 
limit configurations. 

We are going to prove that CV(M) is equal to Cy(M) and to construct a differentiable structure 
for Cy(M) by proving the following proposition. 

Proposition 3.12 For any c° 6 Cy(M), there exist 

1. k € N, and an open neighborhood O of in [0,oo[ fc , (set [0, oo[°=]0, oo[°= {0} if k = 0) 

2. an open neighborhood W of a point w° in a smooth manifold W without boundary, 

3. an open neighborhood U of c° in YIacv C(A'> M), 

4. a smooth map £ : OxW — > U such that£(0;w°) = c° ; £(OxW) C C V (M), and f((On]0, oo[ k ) x 
W) = C v (M)n£(0 x W), 

5. a smooth map r : U — ► R fc x W such that 

• r o £ is the identity of O x W , 

• r{U n Cy(Af)) COxlf, and 

• t/ie restriction o/(or to U D Cy (M) is the identity of U D Cy (M) . 
(This implies that £(0 x W) = U n C V {M).) 

Proposition 13.121 easily implies that our £ form an atlas for Cy(M) that becomes a smooth 
manifold with corners and that Cy{M) = Cy(M). Furthermore, with such an atlas, the inclusion 
i from Cy(M) to Hac^A^A C(A\ M) will be smooth, and a map / from a smooth manifold X to 
Cy(M) will be smooth if and only if i o f is smooth. 

When (JV = 1, we observe at once that CV(M) is diffeomorphic to C(V; M). Therefore, our two 
definitions of C\(M) coincide. We shall prove the following proposition in Subsection 13.71 



Proposition 3.13 Let V = {1,2}. Let C^M) denote the manifold obtained from Af 2 (oo,oo) by 
blowing up oo x C\(M), C\(M) x oo and diag{C\{M)) as in Subsection Let Cy(M) be the 
compactification of (^(M) defined in this subsection. Then C2(M) is canonically diffeomorphic to 
C V {M). 

Lemma 3.14 Provositions \3.12\ and \3 . FA imvlv Provosition \2.5\ 

PROOF: It is obvious from Proposition 13.121 that (C V (M) = t(C v (M))) is the interior of C V (M). 
On Cy(M), for e = (a, b), p e is given by the projection on C{e;M) that determines the projections 
on C({a};M) and C({b}; M). These projections naturally extend from CV(M) to the closure of the 
image of CV(M) in C e (M), and they will be smooth because they come from the smooth projections 
and because of the forms of our charts. o 

Proposition 12.61 is easier to prove than Proposition 12.51 and could be proved before. Neverthe- 
less, we shall focus on the proof of Proposition 12.51 and see Proposition 12.61 as a particular case of 
Proposition 12 . 51 with the help of the following proposition ^. 151 

Let V denote the constant map with value in (R 3 ) v , where R 3 = S 3 \ oo. The prcimage of 
V under the canonical projection ily : C(S 3 ;V) — > (S 3 ) v is the set of non-constant maps from 
V to Xo(^ 3 ) up to dilation and translation. This allows us to see SV(M 3 ) as an open submanifold of 
ily 1 (0 1/ ). Furthermore, for a given element sy of SV(K. 3 ), there is a unique element of Cv{S 3 ) whose 
projection on C(V;M) is sy (by (C2) that determines its other projections). This allows us to see 
S V (M. 3 ) as a subset of C V {S 3 ). Set 

sv(m 3 ) - {n v op v )- 1 (o v )nc v {s 3 ). 

SV(R 3 ) is a compact set that contains SV(]R 3 ). Proposition 12 . 61 now becomes the consequence of the 
following proposition (together with Proposition 13. 12(1 by a proof similar to the proof of Lemma 141 
above. 

Proposition 3.15 For any c° £ Cv(S 3 ) such that Ily op v (c°) — V , in Provosition VS.ViA we have 

1. k > 1, W = R 3 x W, 

2. S V (R 3 ) nU = £(oxWn ({0} x [O.oo^x-fO} x w^, 

3. £ (O x WC\ ({Olx^oop^xjO} x = S v {R 3 )nU. 

Proposition 13.121 and Proposition 13.1 51 are a consequence of the two following lemmas. 
Lemma 3.16 Provosition VJ.l'A and Provosition Vd.l& are true when Ily(cy) is a constant map of M v . 
Lemma 3.17 (1) Lemma \3.1GM mvlies Provosition 13.131 

(2) Assume Lemma \3.16l is true. Let (^1)1=1,2,. ..,s &e a partition ofV into nonempty subsets 

Let 4>i : R 3 — ► M, for i = 1, . . . ,s, be embeddings with disjoint images in M. Let U a be the following 
open subset ofC(A;M). 



U A = {c A G C(A;M)-U A {c A )(An A,) C ^(R 3 )} 



and define 

Q v = C v (M)n Yl U A and Q Ai =C Ai (M)n J[ U A 

(DcACV OcACAi 

Then the map (Qv * Yii=i QAi) induced by the restrictions is a diffeomorphism. 

PROOF of Lemma 15. 171 (1) Let c° = {c a )a<zv,A^$ G Cy{M). Consider the map Hy(cy) from V to 
M and set 

Uy(c v )(V) = {m 1 ,m 2 , m s } 

and 

Ai = ny(cv) _1 (mi) 

Choose embeddings fa : R 3 — > M, for i = 1, . . . , s, with disjoint images in M such that 4>i(0) = m^. 
Let c % = c? A . = {c A )AcAi,Ajt$ G CAi(M) denote the restriction of c° to Aj. According to Lemma 13. 161 
we may find hi, Ui,Oi, Wi, w®, rj satisfying the conclusions of Proposition !^. 121 with (c\ Ai) instead 
of (c°, V), and after a possible reduction of Ui,Oi, Wi, we may assume that Ui C TTaca ^A- Then, 

set fc = ei =1 **, o = nu Oi. w = n:=i wi, »° = K?) i6{ i,... )S} . 

s 

c/=n^ x n c(4M) 

<=1 ACV;Vi,An(A\Ai)^0 

Define w) = (vi, . . . , v s , w x , . . . , w s )) = w) a )acv-,a^<!> by iu)a = Wi)a if A C A 4 
and IIa(^(w, G ^) = n^^f)), w)A i )(a)- When A intersects all the (A\ Ai), R A (£(v, w)a) 

is not constant. Since the restriction of Ha to the preimage of the set of non-constant maps is a 
diffeomorphism onto its image, £(?;, w)a is smoothly well-determined for these A. Therefore £ is well- 
determined and smooth. Furthermore, £(v, w) satisfies (Cl) by construction and £(y,w) satisfies the 
other conditions ((72), (C3) and (C4) that are (thanks to (Cl) and to the choice of the Ui) conditions 
on some £(v, w) A and w)b for A C B C- Ai. It is easy to see that £(0, w°) — c°, and £((On]0, oo[ k ) x 
W) C Cy(M) since the elements of Cy{M) are the elements c of Cy{M) such that IL/(cy) e M v is 
an injective map from V to (M \ oo). We also easily see that 

C v (M)n£(0 xW)C £((On]0,oo[ fc ) x W). 

When n(ui G [/"<) = (rf(ui) G R fc *;rf(w 4 ) G Wi), define 

r (( u i)iG{l,...,s}; (c J 4)ylCy;Vi,yln(A\A,)^0) 

= {{rl{ui))i<={i,..., s y, (r? (ui))ie{i,..., a }). 

Now, it is easy to see that Lemma [3. 161 implies Proposition 13. 12| The second part (2) of the lemma 
follows from the above proof. o 

Assume that Proposition 13.121 is true and come back to the faces defined in Subsection 12.21 
First recall that F(oo; V) = S t (T oc M v ) C S((TooM) v ) embeds in C(V;M). This embedding is 
smooth and canonical. Furthermore, by (Cl) and (C3), there is a unique map of F(oo; V) into Cy(M) 
whose composition with the projection on C(V; M) is the above embedding. Since the restrictions are 
smooth from C(V;M) n S t (T OQ M v ) to the C(A;M) for A C V, the charts of Proposition ETT21 for 
Cy(M) = Cy(M) make clear that F(oo; V) smoothly injects into Cy(M). Lemma 13.171 allows us 
to conclude that for any non-empty subset B of V, F(oo;B) injects into Cy(M), smoothly and 
canonically. It is easy to see that the projections p e associated to pairs of elements of V restrict to the 
image of F(oo; B) as described in Subsection 12. 21 The reader can similarly check that, for any subset 



A f 



B of V with (tJ-B > 2), F{B) smoothly and canonically injects into Cy(M) and that the restrictions 
of the p e to the images of the F(B) are described in Subsection 12.21 Obviously, the images of the 
F E dx(C v (M)) are disjoint. 

Let us inject (f(B) = f(B)(R 3 )) into SV(R 3 ) where B is a strict subset of V, %B > 2. Identify 
S l {b}u(v r \s)(^ 3 ) with a subspace of S ^ Ji a ^(g3)v) ) made of maps that are constant on B, by setting 
c(B) = c(b). In particular, »S'{h}u(y\s) (K 3 ) smoothly embeds into C(V; S 3 ) n Tly 1 ^). When A is a 
non-empty subset of V that is not a subset of B, <S'{b}u(y\s) (K 3 ) smoothly projects to C(A; S 3 ) fl 
II^ 1 (0" 4 ) by the restrictions imposed by (CI) and (C2) (that do not determine anything for the subsets 
of B where c is constant). Now, Sb(IR 3 ) smoothly embeds into C(B;S 3 ) n n^ 1 (0 s ) and smoothly 
projects to C(A; S 3 ) n n^ 1 (0 A ), when A is a non-empty subset of B, by the restrictions imposed by 
(CI) and (C2). This allows us to define a canonical smooth injection of f(B)(M. 3 ) into SV(R 3 ), and 
the p e have the desired form on the image. When B and B' are two disjoint subsets of V, f(B) and 
f(B') are disjoint. 

The F(oo;B), F(B) and f(B)(R 3 ) will be identified with their images. 

Lemma 3.18 Assume that Provosition \3.1°2i is true. In Provosition XH. l'A 

• when Hv(cy) is a constant map with value m G (M \ oo), 
k = 1 if and only if c° G F(V), 

• when Hv(c v ) is the constant map with value oo, 
k = 1 if and only if c° G F(oo; V), 

• when TLy(cy) is the constant map V of (S 3 ) v , 

k = 2 if and only if c G f(B)(R 3 ) for some strict subset BofV with §B > 2. 

Proof of Proposition 12. 71 assuming Proposition 13. 12l and Lemma IS. 181 

Let c belong to a codimension one face of Cy (M) . As in the proof of Lemma l3.17l set Hy (cy)(V) — 
{mx,m,2, ■ ■ ■ ,m s }, and Aj = ily(cy) _1 (mi). Choose embeddings (pi : M 3 — > M, for i = 1, ...,s with 
disjoint images in M such that ^(0) = m^. Then by Lemma |3.17l if c^. belongs to a codimension 
d(i) face, then c belongs to a codimension (J^? =1 <i(i))-face. Therefore, there exists a unique j such 
that C|j4. belongs to a codimension one face. Set B — Aj. When i ^ j, c\a. belongs to the interior 
Ca { (M ) of CAi(M), and since C| J 4 i is constant, Aj contains a unique element and c^. does not map 
it to oo. Two cases occur. Either cb(B) — {oo} and c G F(oo;B), or cb{B) = {cb(6)} C (M \ oo) 
and c G F(B). Therefore the union of the codimension one faces is a subset of YLpedifCviM)) ^- Con- 
versely, Lemma 13. 181 and the local product structure of Lemma 13 . 1 71 make clear that Y[Fed 1 (c v (M)) F 
is a subset of the union of codimension one faces. Now, it is clear that every F G d\{Cy{M)) is 
connected. Furthermore, the closure of any such F does not meet any other F' G di(Cy (M)) . 
Let us prove this for F = F(oo;B). In the closure of F(oo;B) all the configurations map B to 
oo therefore F(oo;B) may only meet the F(oo;A) such that B C A. Consider a configuration c 
in (F(oo;2?) fl F(oo;A)). With the notation of Example 18.81 since c G F(oo;_B), pa(c) — ca = 
tj)(A;^) 00 )(X,u G S'((R 3 )' 4 )), where u maps S to 0; then IL^c^) maps B to 0, but in this case 
c ^ F(oo; A). A similar proof left to the reader leads to the same conclusion for F = F(B). Therefore, 
the F are closed in the finite disjoint union JJp e g 1 ^c v (M)) ^ ■ Thus, they are the codimension one faces 
of Cy(M), and consequently, they smoothly embed in Cy(M). o 

Proof of Proposition 12.81 assuming Lemma 13.161 and Lemma 13.181 It is immediate from 
Lemma [3.181 and Proposition 13.151 that the disjoint union of the elements f(B)(M. 3 ) of di(Sy(M. 3 )) 
coincides with the union of the codimension one faces. A proof similar to the above one shows that 



A r-r 



the f{B) are the connected components of this union. Therefore, they are the codimension one faces 



Proposition 13 . 131 will be proved in Subsection l3.7l Apart from Proposition 13.131 we are left with 
the proofs of Lemmas 13 . 1 61 and 13 . 1 81 about the structure of Cy(M) near a configuration c° such that 
Ily(cy) is the constant map m v with value m. The case where (m ^ oo) will be treated in the next 
subsection. The case (m = oo) is similar though more complicated, it will be treated in Subsection l3.6l 
but some arguments will not be repeated. 

3.5 Proof of Proposition 13.121 when HV(cy) = m v , m G M \ oo. 

Let 4> : R 3 — ► (M \ oo) be a smooth embedding, 0(0) = m. If flV = 1, set Jfc = 0, W = K 3 , w° = 0, 
(7 = 0(M 3 ) C Ci(M), £ = 4> and r = _1 , and we are done. Assume $V > 2. Let c° = {c A ) A ^v-,A^$ & 
C V (M) be such that IL/(c F ) = m y . 

The tree t(c°) associated to the limit configuration c°. 

We shall define a set r(c°) of subsets of V with cardinality > 2 as follows. 

The set is organized as a tree with (V £ t(c )) as a root. The other elements of r(c°) are 
constructed inductively as follows. Every element A of t(c ) is the daughter of its unique mother A 
in t(c ), except for that has no mother, and some elements have daughters (i.e. are the mother of 
these). A daughter is strictly included into its mother, and any two daughters are disjoint. Therefore, 
it is enough to construct the daughters of an element A. By assumption, c A € L T ^ 1 (diag(M \ oo)' 4 ) C 



defines a map from A to T m M up to translation and dilation. The daughters of A will be the preimages 
of multiple points. The preimages of non-multiple points will be the sons of A. 

r(c°) has the property that whenever {^4, B} C r(c°), either A c B, or B c A, or A n B = 0. 

Fix c°, and t = r(c°). For any A 6 t choose a basepoint 6(A) = 6(A; r), such that if A C £>, if 
Set, and if 6(B) S A, then b(A) = b(B). When A e r, D(A) denotes the set of daughters of A. 

Configuration spaces associated to r. 

For any A S r, consider the following subsets of the unit sphere ^((IR. 3 ) 17 ) of (R 3 ) y equipped 
with its usual scalar product. Define the set C(A; b(A); r) of maps w : V — ► R 3 such that 

• II w 11= 1 

• w{b(A)) = 0, w(V \A) = {0}, and 

• w is constant on any daughter of A. 

It is easy to see that C(A;b(A);r) has a canonical differentiable structure (and is diffeomorphic to a 
sphere of dimension (3(jj^4 — J27=i + n — 1) — 1) where Ai, . . . ,A n are the daughters of A. 

Note that c\ = ip(A; <p; b(A))(0; 0; w A ) with the notation of Example 13.61 where the natural 
extension w A (by some zeros) of w° A G (M 3 ) A \ 6 ( A ) C (M 3 ) v is in C(A; b(A); r). 

Define the set 0(A; 6(A); r) of maps w : V — ► R 3 such that 



of 5y(R 3 ) and they smoothly embed there. 



<> 



C{A-M). Thus, 




• II w ||= 1 



• w(b(A)) = 0, w(V \A) = {0}, and 



A Li 



• Two elements of A that belong to different children (daughters and sons) of A are mapped to 
different points of R 3 . 

It is clear that 0(A; b(A); r) is an open subset of S((M?) A \ b W) that contains w° A . Set 

W A = 0(A;b(A)-T) nC(A;b(A); T ) 

Wa is an open subset of the sphere C(A; b(A); t). 
The data U, W, w° and k. 

• fc = j}T. 

• W = R 3 x JJagt w a 

• W will be an open neighborhood of w° = (0; (w a )agt) in W. 

• C/ = riA e ^(^ ^ K^)) (R 3 x [0,oo[xO(A;6(A);t)) x[]^C(i;M) 

• [/ will be an open neighborhood of c° in [/. 

Construction of £. 

Let 



and 



When A e r, define 



p = ((ma)agt; u; (wa)agt) e R t x w 

P° = ((0) Aer ;0;K) Aer ) = (0;^°). 



Note that is a smooth function defined on R fc x W, and that ^(P ) = w A . In particular, 

\\va(P")\\ 



|| iu(P°) ||= 1 and n" A [pu\|| is in 0(A; b(A); r). Therefore, we can choose neighborhoods O of in 



[0, oo[ fc and W of w° in W, so that for any P in O x || v A (P) ||^ and t0£]\\ is in 0(A; 6(A); r). 
We choose O and W so that these properties are satisfied for any A E t. 
In order to define £, we define its projections £a{P) onto the factors C(A; M). First set 

MP) = W <fc 6(V))(«; ^y; F ^ T ) 

II II 

Then 



n y (^(P))(a)=^+ F ^ Uy (a)) 

II «V II 



When ^4 e r, set 



U(P) =ip(A;<j>;b(A))[u + -v v (b(A)); 



\\W\\ V " II Ml '\\VA 

v - ( P) 

The latter definition makes sense because v A is not constant on A since || ,_, A (p) || belongs to 
0(A; b(A); r). Indeed, either II^(^(P)) is non constant and then its restriction to A is non constant, 
and we take the usual smooth restriction, or 11^ (£^(P)) is constant with value <f>{v), and we take the 



1 1\ 



restriction of the map D v (f> o from A to Tm v \M up to translation and dilation. It is easy to check 
that this restriction is smooth from this open subset of C(A;M) to C(A;M), by using appropriate 
charts of C(A;M) and C(A;M) as in Example 13. 61 with the same basepoint for A and A. Thus, we 
defined a smooth map £ from O x W to U such that £(0; w°) = c°. 

Checking that £ satisfies (CI). 

It is enough to check that ILa(£(P)a) = Hv(£v(P))\A f° r any ier. Let A e r, a € A. 

n x KMP))(a) = <Ht t + F ^ I E ( II ^)^c(«) 

y II w y II cer;aec yi5eT;Cc_Dcy / 
where the elements C of t that contain a, are 

1. the C of t such that A C C that satisfy Wc(o>) — Wc(b(A)), and 

2. the C of t such that a S C C A that satisfy ioc(b(A)) = 0. 
In particular, 



u - 



Therefore, 



-^-v v (b(A))=u+-^- ]T I II to]^c(a). 

11 11 11 C'er-AGC \D£t;CCDCV 



r \n v (£ v (P))(a))-(u+-^vv(KA)^ 




Checking that f(0 x W) C C V (M). 

It is enough to check that £(P) satisfies (C2) since IV(£v (P))(V) C (M \ oo). Let A C B C 
IL/(£y(P)) _1 (a;). If B is not in r, then B C nv(£y(P)) _1 (x) (see the construction of £b(P)), and 
£b(P) is the non-trivial restriction of £g(P). Therefore, for this proof, we may assume that Per. 
Similarly, we may assume that A e t. Then it is enough to check that the restriction of vb to A up 
to translation is a (> 0) multiple of Va, and this is easy to observe in the defining formula for va- 

Checking that f ((On]0, oo[ fc ) x W) = C V {M) n £(0 x W). 

Let us first prove that £((On]0, oo[ fc ) x W) C CV(M). Since (CI) is fulfilled in the image of f , it 
is enough to prove that IIy(£y(P)) is injective when the (1a are non zero. Let a and b be in V, and 
let A be the smallest element of r that contains both of them. Then va(cl) ^ VA(b) since -p^j is in 
0(A;b(A);r), thus ILa(£^(P)) separates a and 6, and we are done thanks to (CI). Conversely, since 
as soon as a \ia vanishes, the corresponding Ha(£a(P)) is constant, 

C v {M)n£{0 xW)C £((On]0,oo[ fc ) x W). 

Construction of 7-. 



For any A € t, choose b'(A) ^ b(A) e A to be either the element of a son of A or a basepoint of 
a daughter of A that does not contain b(A). Note that w A (b'(A)) ^ 0. 
The map r will factor through the projection onto 

II MAMA)) (R 3 x [Q,oo[xO(A;b(A);r)) . 

Aer 

Let 

Q = (ip(A; </>; b{A)){u A ; X A ; y A )) Aer 

be a point of this space and let 

r(Q) = {{^A)Aer]uy 1 {w A ) Ae r) 

denote its image in R fc x W. The map uy is already defined and smooth, and we need to define the 
jj, A and the w A as smooth functions of (u A ; X A ;y A ) AeT . Define w\ G (R 3 ) A by 



,1 (rA _ / VA{a) if a e {A \ (U BeD(A) B)) 



™ A W ~ 1 (&(#)) if a G B and if B e D(A) 

Then set 



II W A 



Since e 0(^4; b(A); r), || u>^ ||^ 0, and is smooth. Then define [iy = Xy , and for i e t, i ^ V, 

= 1| w A (b'(A)) || (^(y(A))-y A (6(A)),^ A (y(A))) 
MA " \\y A (b'(A))\\\\w A (b'(A))P 

Then it is clear that r is smooth from U to R fc x W. 
Checking that r o £ is the identity of O x W. 

We compute 

ro£(P= ((/j, A ) AeT ; w; (w A ) AeT )) = r((£ A (P)) AeT ) 
= ((ftA)AeT;u v ;(w A ) AeT ). 



where 



£v(P) = 1>{V; 0; 6(^))(«; Mv! n^), 

II w v || 

U(P) = 1>(A] <f>; b(A)) (u A ; X A ;y A = t~^v a 

V II V A || 

and v A has been defined in the construction of £. 

We easily find u = uy and fty = [iy, and w A = w A . Since 

(v A (b'(A)) v A (b(A))) = n A w A {b'{A)) and v A =|| v A \\ y A 

II v A || (^(A)) - = » AWA (b'(A)). 

Furthermore, 

Therefore fi A — fj, A . Thus, r o £ is the identity of O x W. 
Checking that r{U (1 C V (M)) C [0,oo[ fe x#. 



r -i 



When Q = (ip(A; <j>; b(A))(uA', ^a'tVa)) aet comes from an element of Cy (M), if A and B are two 
elements of r such that A C B, then for any a <G A, 

u B + ^bVb{o) = u A + \AVAia), 

and the map from A to R 3 that maps a to (ys( a ) — Vb{^{A))) is a (> 0) multiple of y^- 

r (Q) = ((^A)Aer;u v ; (w A )Aer) 

where 

^ \\w A (b'(A)) || || y A (b'(A))-y A (b(A)) \\ 
^ II Va(V(A)) II || w A (V{A)) I) 

when A e t, A ^ V. Indeed, {{Va)\a - (u a(^(^))) A ) is a (- 0) multiple of yA, and is a 

(> 0) multiple of WA(b'(A)). In particular, ^ > 0, [iy = \y is also positive. 
Also, note that r(c°) = P°. 

Now, choose (e > 0) such that [0, e[ fc C O, reduce O into [0,e[ fc and set 

E/" = r _1 (] -e,e[ k xW). 

Then r(C/ n CV(M)) COxW. 

Checking that £ o J-i^^ , m n is the identity of U n CV(M). 

Keep the above notation for Q and r(Q). Assume Q e {/ n (7y(M). 

K ° r(Q)U - ip{A; <f>; 6(^))(fix; Aa; ir ^- jr ) 

II w ^ | 

where i;^ is the vector associated to r(Q) in the construction of £. 
Proof ifcaf ?m = ^J^. 



Let 6 be an element of A. Inductively define 

B 1 = {6 } C B 2 = B 1 C . . . C B l+1 = B* C ... C B k = A. 
Set y t = y Bi , bi = b{B l ), b\ = b'(B l ) and id, = w B i. Then 

M6o) = S in — n„ J+1( y J+1 )ii 11^)11 — 



where 



Therefore 



while 



/, \ II Wiib'A || 



v ^ ., ,,,, ... ., / Ilf=,* II - 
M&o) = 2^ II ( A )) II — fwfe—il — T^Vii 



i=i 



i=l 



and since, for i < j, 



2/j+i(o<-i; - = n - 7tr I, {yj\h-i) - VAk)) 



vM) II 



-p-i || — yj + i{bj) | 



yM) II 



Thus, 



and = T^fn 



|| t^(A)) || 

= II lu(*(A)) || M 



Note that Ay = /iy = Ay, uy = Uv, and therefore (£ o r(Q))y is the restriction of Q to V whose 
value in M at b(A) determines ua by (CI) that is fulfilled in the image of £. Therefore ua = ua- 

Proof that X A — Xa for A ^ V . 



Now, let us compute Xa ioi A e t, A ^ V. Define 

B 1 = AcB 2 = B 1 C . . . C B l+1 = & C . . . C B k = V. 
Again, set y l = y B i, h = b{B l ), b\ = b'(B l ) and Wi = w B i. 

r Ay || V A || t4 f\\ W i+1 (b' i+1 ) || || Vi+lQ/i) - 2/i+l(&i) || 

Xa = — —jj 



II v v 



where 



Therefore 



where 



II II II w+i^i+i) II 

M&V)) || 



<m0>'(^)) 



A— 1 



Aa = 



Ay || y v (b'(V)) || W fll W+iW) - Vi+iik) II 



n 



II Vi+iib') | 



2/i+i(^i) - Vi+i{k) II 



II 



\B i + 1 



k-1 



Xa = Ay Yl 



yi+i(b'j) -Vi+\(k) II 

I! vm II 



Thus Aa = Xa- 

When A ^ t, (£ o r(Q))yi is the restriction of Q % to A, and we can conclude that the restriction 
of £or to UnCv (M) is the identity. o 

This concludes the proof of Proposition 13 . 1 21 in this case. o 

Proposition 13 . 1 51 follows from a careful reading of the previous proof. Since V € r, k = j|V > 1. 
Choose the natural embedding 

cf) : R 3 — > S* 3 = R 3 U {oo}. 

The elements of Sy(R 3 ) n U (resp. Sy(R 3 ) n U) are the elements whose projection onto C(V;M) is 
of the form tf)(V; <j)', b(V))(0 G R 3 ; [iy — 0; j/y) for some i/y (resp. for some injective yy). In particular, 
the second item is true where /iy is the distinguished real parameter that vanishes if and only if 



Hy(cv) is constant. Now, since vy is injective if and only if all the fi£> are non-zero for D € r \ V, 
the third item is true. Proposition 13 . 1 51 is proved. o 

In this case, Lemma \'6 . 1 81 also follows from a careful reading of the previous proof. Indeed, k = 1 
if and only if r = {V}, that is if and only if G SV(T c ( b )Af), that is if and only if c° <E F(V). Now, 
fc = 2 if and only if r = {V, B} for some strict subset B of V with jJB > 2, that is if and only if : 
Hd(c v ) is constant on B and injective on {b} U (V\ B), and ILj (c'g) is injective. 
This is equivalent to say that under the assumptions of Lemma lr>. 181 c° 6 f(B)(M. 3 ). Lemma \'A. 181 is 
proved in this case. o 



3.6 Proof of Proposition 13.121 when IL v (cy) = oo v . 

Let : K 3 — ► M be a smooth embedding, 0oo(O) = oo. Let c° = (ca)acV;A^$ G CV(M) be such 
that ITy (cy) maps every point of to oo. 

The tree r(c°) associated to c°. 

We shall define a set r = r(c°) of non-empty subsets of V as follows. 

The set is organized as a tree with V as a root. The other elements of r are constructed inductively 
as follows. Again, every element A of r is the daughter of its unique mother A in r, except for 1/ that 
has no mother, and some elements have daughters (i.e. are the mother of these). In order to define 
the daughters of A G r, consider the map defined up to dilation 

IIoo(c^) : A — ► T 00 (M). 

• If this map ilo^c^) is non-constant, or if A has only one element, then A is non- degenerate. In 
this case, let A denote the preimage of {0} under IIo^c^). If A is non-empty, A is a daughter 
of A and this daughter is said to be special; the other daughters of A will be the preimages of 
multiple points different from under Iloofc 1 ^). The preimages of non- multiple points different 
from zero will be the sons of A. 

• If the map n oo (c^) is constant, and if §A > 2, then A is degenerate, and we consider the 
non-constant map defined up to translation and dilation 

IW(4) : A — » T 00 (M). 

The daughters of A are the preimages of multiple points under this map, and its sons are the 
preimages of the other points. 

By definition V is special, and an element A ^ V of t is special if and only if H ao (c°^)(A) = {0}. 

Let Td be the set of the degenerate elements of r, and let r s be the set of the special elements of 
t. When A 6 r, D(A) denotes the set of daughters of A. Note that 

• Ve t s , 

• D(A G T d ) c r d n (t\t s ) 

• D{A£ Td )C { Td U{A Q }), 

• r = t s U T d 



• If A ^ V, A G T a , then A £ r d , therefore 1gt s . 



In particular, 

Ts = {V = V(l),V(2),...,V(a)} 

where V(i) = V(i + 1) ^ if i < a, and V(a) = 0. Also note that r s n r d C jV(cr)}. 
Fix c°, and r = r(c°). For any A £ r choose a basepoint 6(A) = 6(A;r), such that 

• bi = b(V(i)) = b(V(a)) for any i = 1, . . . , er, and, 

• if A C B, if B £ r, and if 6(B) G A, then 6(A) = 6(B). 

Configuration spaces associated to r. 

Let i € {1, . . . , a}. Define the smooth manifold C{V(i) \ r) as the following submanifold of the 
unit sphere 5'((lR 3 ) y ) of (M 3 ) y equipped with its usual scalar product. The set C(V(z);r) is the set 
of maps w : V — ► M 3 such that 

• II w ||= 1 

• w(V(i) ) = {0}, w(V \ V(i)) = {0}, and 

• — if V(i) <£ Td, w is constant on any daughter of V(i), and, 
— if V(i) E Td, w is constant. 

Define the open subset 0(V(i);r) of ^((R 3 )^)) as the set of maps w : V — ► R 3 such that 

• II w 11= 1 

• w{V\V(i)) = {0}, 

• If V(i) ^ Td, two elements of F(i) that belong to different children (daughters and sons) of V(i) 
are mapped to different points of M 3 , and 

. 0$w(V(i)\V(i) o ). 

Set W? = 0{V{i);t) n C(V(i);r). W? is an open submanifold of the sphere C{V{i);r). 

Then after a proper scalar multiplication, the natural extension s° (by some zeros) of (Do^oo) ~ 1q 
IIoo(4 (i) ) is inW?. 

For any A £ Td, consider the smooth manifold C(A;b(A);T) and the open subset 0(A; 6(A); r) 
of S({R 3 ) A \ b ^) defined as in Subsection E3 Set 

W A = 0(A; 6(A); t) n C(A; b(A); r). 

Then after a proper normalization, the natural extension w° A (by some zeros) of (Do4>oc) ~ 1 ° 
noo,d(c^) is in VFa- 

The data U, W, w" and k. 

• fc = )Jr s + %r d = t + (trd. 

• ^ = rnu >< ru., 

• W will be an open neighborhood of w Q = ((s°)j e /x,... i<T }; (w^)^ £r(J ) in W\ 

• ^ = FLer, ^ 0oo; 6(A)) ([0, oo[xS 2 x [0, oo[xO(A; 6(A); r)) 
x IWw) ^ 0») ([0, oo[xO(A; r)) x ]7^ T C(A; M) 
(with the charts of Examples 13.81 and 13 . 1 t)(l . 



• U will be an open neighborhood of c° in U. 

Forgetting X\ Mt C {A- M) . 

When A ^ r, let A be the smallest element in r that contains A. Let C = 0(A;M), 
C T = Yl Aer C(A;M) and let Cy(M) be the subspace of C T made of the elements that satisfy the 
restriction conditions (CI), (C2), (C3), (C4) of Lemmas 13.1 1 l3~?l 13.91 15. lll that involve elements of r. 
Let p T : C — > C T be the natural projection. Define the following smooth map 

t r : p T (*7) — > C 

by t r (c = (cA)j4er) — (^vOacv.a^ where d,4 = when ^4 € r, and is the restriction of to 
A otherwise (so that the restriction conditions (CI), (C2), ((73), (C4) are satisfied for (A, A)). Note 
that such a restriction is well-defined and smooth from p&(U) to C(A; M) since A is not contained a 
daughter of A. See the charts of Examples 13.81 and 13 . 1 01 In particular, l t is smooth. The proofs of the 
following assertions are left to the reader. 

• p T {C v {M)) C C{r(M). 

' P To ^ (&) =Identity(^(C7)) 

' ^o^- n6v(M) =Identity(C7nC v (M)). 

• l t (p t (U) n Cf (Af)) C CV(M). 

We shall prove the following lemma. 
Lemma 3.19 There exist 

1. e > 0, O = [0,e[ k , 

2. an open neighborhood W of w in W, 

3. an open neighborhood U T ofp T (c°) inp T (U), 

4- a smooth map (p T o £) : O x W ► U T such that 

. (p T °0(0;O=P T (c°), 

• {P T o 0(O X W) C Clr(M), and 

• £( w G O, id) is an injective map from V to (M \ oo) £/ and only if lu g]0, oo[ fe , 
5. a smooth map r T : p T (U) — ► M. k x W such that 

• r T o p T o £ is the identity of O x VF, 

• r T ([/ T n C£(M)) COxlf, and 

• «/je restriction of p T o £ o r r to C/ r n Cf (M) is ffte identity of U T n C^(M). 

This lemma implies Proposition 13 . 1 21 in this case because £ = i T o (p T o 0, = (p T ) _1 ([/ r ) and 
r = r T o p T have the desired properties under its conclusions. 

Construction of p T o O and 

Set 

p = ((^)ie{i,... l0 -}; {^A)AeT d ; (si)ie{i,...,ay, (w A )Aer d ) € K r = x R Td x W", 



r n 



P° = ((0) ie{ i,..., CT} ; (0W d ; (^)« e{ i,..., CT} ; KWJ) = (0; »°). 

When A <G r^, define 

«u = = E f II *e S((R a ) AXb{A) ) c S((M 3 ) y )- 

C6t;CCA yDGr:CCDcA J 
CeD(A) 

Set 

Sa = Sa + Vv{<j)Wv(<t) if V(o) G T d 

S<j = s a + J2ceD(v(a)) Vcw c otherwise. 

For i = a — 1, a — 2, . . . , 1, inductively define 

Si = Si + V i+ iSi + i + ^2 fj-ewc- 

C£D(V(i));C^V(i+l) 

Define 

r 

Xv(r) = K = Y\_ V i 
i=l 

so that {\iSi)\v(i+i) = Aj+iSj+i. 

The uu, A r , and Si are smooth functions defined on K fe x W, such that WA(P a ) — w A and 
§i(P°) = sl 

In particular, since the norms of these vectors are 1 for P°, we can choose neighborhoods O of 
in [0, oo[ fc and W of w° in W, so that for any P in O x W 

• the norms of the wa(P) and s~i(P) do not vanish, 

• e 0(A; 6(A); r), and, 

We choose O and W so that these properties are satisfied for any A £ tj, and for any i = 
1,2,..., a. 

When A e r, let V(i(A)) be the smallest element of t s such that A C V(i(A)). Define € (K 3 )- 4 
as the restriction of sua) to A. 

In order to define p T o £, we define its projections £a(-P) onto the factors C(A; M) for Aer. 
When Aer\T d ,U(P) = V>(^ ^x,)(A i( A) || «a ||; j^)- 
When A e T d , £a(P) = ip(A; (p^; b(A))(£ A ; ua; m A ; v A ) with 



£a = \ { a)VU\\ S A (b(A)) \\ 
~s A (b(A)) 



ua 



K DeT d ;A<ZD<ZV{i(A)) 

w A 

VA 



II S A (b{A)) || 

II WA 



VU II s A (b(A)) 



WA \\ 

Thus, we defined a smooth map p T o £ from O x VF to p T (U). 



Checking that p T o £ satisfies (CI). 

Since the restriction of Ai§i to V(i + 1) is Aj+iSj+i, when i < a — 1, it is enough to check that for 
any A, Ua(^a(P)) is equal to (j)^ o (\i(A)(Si(A))\A)- When A ^ r d it is obvious. Let us now consider 
the case when A £ tj. 

Sa = constant map +1 j J A*r> wa ■ 

\Der d ;ACDCV(i{A)) J 

Therefore 

fe 1 o (IL A (U(P))) 
= X i{A) \(s A (b(A))) A +\ n 

\ \DeT d :ACDCV(i(A)) J 

= K(A)SA- 

Checking that p T o £ satisfies (C3). 

Here, we need to check that when A C B, (and when \i(B) = 0) {§i(B))\A is a (> 0) multiple of 
(si( A ))\A- Since (s i( B))|y(i(A)) = (U.f=l B )+i v i) S *(a)> we are done- 
Checking that p T o £ satisfies (C2) and (C4). 

These conditions must be checked for some A C B, when the restriction of to B is constant. 
In this case, since p^fyy £ r), 5 € r d , and therefore A e r d . These conditions say that, 

up to translation, (wb)\a is a (> 0) multiple of {w A ) (when {j\.BeT d ;B<ZD<zv(i{B)) M£>) = 0)- They are 
realised with (jj 

D£T d ;ACDcB Mb) = as a factor. 

We have proved that p T o£(0 x W) C C£(M) and it is easy to see that p T o£(P° = (0;w a )) =p T (c°). 

Checking that pv ° £((ma, v{) G 0,w £ W) is injective and does not reach oo if and only if 
all the \ia and the i/j are non zero. 

Remember from the proof that p r o£ satisfies (CI), that the restriction Ha(£a(P)) ofHv(€v(P)) 
is (f>oo (Aj(A)(si(A))|A) f° r A e t. Now, IIy(^y(P)) is injective and does not reach oo if and only if 
Ai§i is injective and does not reach 0. 

In particular, if IL/(£y(P)) is injective and does not reach oo, all the restrictions \i( A ){si(A))\A 
are injective and do not reach and this easily implies that the [i A and the i/j arc non zero. 

Conversely, assume that the ha and the Vi are non zero, and let us prove that AiSi is injective 
and does not reach 0. Since vi — Ai, it is enough to prove that si is injective and does not reach 0. 
Let a and b be in V, and let A be the smallest element of r that contains both of them. If A G 
wa(o) ^ w A (b) and s i{A )(a) ^ s i(A ){b). If A r d , A = V(i(A)), and s i(A ){a) ^ s i{A )(b)- Since 
*i|v(*(A)) is a non zer0 multiple of Sj(A), it separates a and 6, and S\ is injective. If §i(a) = 0, then 
Si({a})( a ) = 0, and this is impossible, therefore §i does not reach 0. 

Construction of r T . 

Let c e p r (?7). 

c = ((V(A; ;6(A))(^ A ;uA;mA;«A)) AeT<J ; (VK^;^x0(^A;SU)) A£(r \ r<l) ) • 



r n 



We shall define 

t t ( c ) = ((^)»e{i,..., CT }; {^A)Aer d \ {si)ie{i,..., a y, (wa)agtJ- 



Definition of wa , for A <E Td- 

Let A G r d . Define w\ G (R 3 ) A by 



i , , _ / «x(a) if a e [A \ (D BeD(A) B)) 
A{ ' ~ \ v A {b{B)) if a e B with B G D(A) 



and set 

II ™a 

Definition of Si, for i G {1, . . . , cr}. 
Let K(i) ^ Td. Define «J G (R 3 ) v « by 



D ifaeV(*)o 
sl(a) = { S v{l) (a) if ae \ (U BeI , ( y (<)) B)) 

(6(B)) if a G B where B G D(V(i)) and B ^ V(i) 



and set 



s} 



s V (i) =Si = -— - 



If V(cr) G T d , then 

/ \ V{o) 

s = / ^) \ 

Definition of fx a, for A G Td- 

For any A G r such that (ft.A > 2), choose 6' (A) 7^ 6(A) G A to be either the element of a son of A or 
a basepoint of a daughter of A that does not contain b(A). 



• If A G Td, (if A ^ t s ,) and if i G t<j, 

= (v A (V(A))-v A (b(A)),w A (V(A))) || || 
MA ( WA (6'(A)), WA (6'(A))) || ^(&'(i)) || ' 

• If A G Td, if A ^ r s , and if A ^ Td, 

(S A (b'(A))-S A (b(A)),w A (b'(A))) || s 4 (6'(i)) || 



MA 



If V{u) G T d , then fj, v{(r) = Zl^u with 



( W A(6'(A)), WA (fe'(A))) || S A (b'(A)) || 

II^vmII 



Cer:,CCV(a) \DEt;CCDCV(<j) 

Definition of Vi, for i G {1, . . . , cr}. 

Set Si = S v{i) when V(i) i r d , and set b\ = b'(V(i)) when $V(i) > 1. 
• When i > 2, 



- If i = a, and, if V(a) € r d or if j}V"(er) = 1, then 

= (s^M^M) || gj-i(6U) || 

— Otherwise, 

_ (Si-^SiW) || «<_iC&*_x) II 



• - If V e r d , or if ttV = 1, i/i =t v . 
-IfV £r d and if flV > 1, 

1 < v < ai (61), Sl (6i))- 

Then it is clear that r T is smooth from p T (U) to M fc x 
Checking that r T o p T o £ is the identity of O x VF. 

We compute 

r T o/ o£(P = ((f i ) i£{ i j ... ;(7} ; (/iA)A€r d ; (Si)ie{l,...,<r}; («U)a £ tJ) 

= ((^)»e{i,...,(7}; (A4Uer d ; (Si)»e-[i o-}? W A )Aer d )- 

It is clear that w' A — wa for any A e r d and that = Sj if V(i) ^ T d . 
If V(a) e r d , then Sff is constant and = ^g^. 



Thus «v W = p^y and = ) = v 

Checking that fi' A = fi A , for A^T d - 



If A e r d , if A t 8 , and if A £ r d , then 



|| . || v A (b'(A)) || „ 



^ II^aII \\w A (b'(A))\\ WA \\w A (b'(A))\\ WA 
and 

w A {b'{A)) - w A (b(A)) = (w A (b'(A)) - w A (b(A))) = f i A w A (b' (A)). 

Therefore, fj,' A = [i A . 

• If A e Trf, if A ^ r s , and if A ^ T d , 

s g A = ||^(6'(i))|| 5 = ||S A (fr'(i)) || 5 
A II ^ II || § A (b>(A)) || A || 8 A (V(A)) || A 

and 

S A (6'(A)) - s A (b(A)) = (j,a (w A (b'(A)) w A (b(A))) . 

Therefore, n' A = ^a- 

\\wV(a)\\ 



If V(a) e r d , then m v((j) = Mv(ct) -^== 



)IIMMII 



where Saibr,) = s„(b„) = —, — — - — . 
Thus, m v(a) = \i v{a) || w v(a) ||, and = /x v((7 ). 



Proving that v[ = v iy for i e {1, . . . , a}. 



• When i > 2, 

Sv(i-i) = Si-i = p^j = iif,',^'" 1 )!! Si-i, s,_i(6 CT ) = ViSi(bo), and 
s»-i(6i) = ^Si(6i) if V(i) £ r d and jjV(i) > 1. Therefore, i/ • = i/j. 

• If F e r d , or if W = 1, 

^ = £ v where £ y = ^iVfF || s v (b(V)) ||, and Sy(&(V)) = s v (b(V)) = -j^u v . Therefore, 
v \ = t-Vi an d we are done. 

• If V £ r d and if ((V > 1, 

4 - 'vtffiStfcM' lv = ^ 11 5i »' whcre s ^ = A = Si > and = siW) - 

Thus, ^ = fi- 



Thus, r T o p T o £ is the identity of O x If. 
Checking that r r (p T (C/) n Cy(M)) C [0,oo[ fe xll". 
Let c = (ca)a;A£t e p T (C/) n C\r{M) with 



V'(A;0 oo ;6(A))(^;wA;mA;«A) ifAer d 
^(A-^Wa-Sa) if A e(r\r d ) 



If A € r d , (if A <^ r s ,) and if A e r d , then (y A {b'{A)) -v A (b(A))) is a (> 0) multiple of 
(vA(b'(A)) — VA(b(A))) that is a positive multiple of WA(b'(A)), therefore, 

= \\v A (b'(A))-v A (b(A)) || \\w A (b'(A)) || 
/M \\waMA))\\ \\v A (b'(A))\\ " ' 

If A e rd, if A £ t s , and if A ^ t^, similarly, 

_ ||^(b'(A))-^(6(A)) || || || 
/M II wa(V(A)) II II ^(&'(A)) || " • 



. IfV(a)er d , thcn mCT) = ^^>0. 



™V(<t) 

I U1±cil PV(cr) — | 

When i > 2, 

— If i = a, and, if V(a) € or if ttV(<r) = 1, then 

||Si-i(b g ) || II f^Ujj 
1,1 II *(M || || Si-^&U) II " ' 

— Otherwise, 

_ \\Si-^ || || II >0 



11*$) II \\Si-W-i) 
If V G r d , or if ftV = 1, i/i = * v > 0. 
If V £ r d and if flV > 1, 

„ II gvjjj) II > n 

II «i(&i) II 



Therefore all the ha and the are positive. Also, note that r T (p T (c )) = P°. 
Now, choose (e > 0) such that [0,£[ fc C O, reduce O into [0,e[ k and set 

U T = {r T )- l {]- £l e[ k xW). 

Then p T o f (O x W) C £/ T , r T (C/ T n C£(M)) COxW. 

Checking that p T o £ o rJ UTnCT ^ is the identity. 

Keep the above notation introduced to check that r T (p T (U)r\C v (M)) C [0,oo[ fc xW/ and assume 
that c e c/ T n C£(M). 

Introducing more notation to prove that £a ° r T (c) — ca, for any A e r. 

Define w A , for A E tj, §j and Aj, for z e {1, . . . , er} as in the construction of p T o £. Then 

Uir (c)) 
where, for A £ tj, 



^(A;0 co )(A 4(A) || s i{A ) II; yg^) if A G (r \ T d ) 



iA = \ { AWtA\\h(A){b{A)) ||, 



\\~Si { A){b{A)) || 



and 



n ^ 

K Der d ;ACDCV(i(A)) 



W A 



$A \\S iiA) {b{A)) || • 



Proving that va = w/ien ie^. 



Since || ||= 1, it suffices to prove that 



1 

w\ 



where because wa — pji y w\ 



l „ || || || v A (b'(A)) 



J A 

w A "• ' ■ 



||^(6'(A))|| || WA (6'(A))||- 

• When A has no daughters, since u)a = iua = w\ = va and || w\ \\ — 1, we are done. 

• Assume that iDc* = j^rj^vc for any C G D (A). Let C € -D(^l)- 

Since c e Cy(M), ((va)\c — ( v A(b(C)))°) is a positive multiple of i>c, while {vc)\{b(C),b'(C)} is 
a positive multiple of wc that vanishes at b(C). Therefore, 

= 1 \\vA(b'(C))-v A (b(C))\\ 
^ \\w\\\ || w c {b'{C)) || 

Mc 1 || - tu(6(C)) || 



II < II II w\ || || v c (b'(C)) 

and 



i „ - i V- II v A (b'(C))-v A (b(C)) || 



„ «c(&'(C)) 
C6D(A) 11 ° v v 



This proves that wa = n \ n ?M by induction. 



Proving that Sa = [r|^~ p w/ien 4e (r \ r<j). 



If jj^4 = 1, then A = V(ct-), Sj(^) = = ^U, and we are done. 
Assume A = V(i) £ r d and $A > 1. 

We need to prove that, = Sy(i) = j[f~j- Again, it is enough to prove that Sj = ypn^'Si where, since 



s- - -4-s 1 



i „_ ii sim ii _ ii sm 



ii ii ii sm ii 

Let CeD(V(*)), C + V(i) . 

Then (Si(6'(C)) - Sj(6(C))) is a (> 0) multiple of (u c (&'(C)) =|| toj, || w c (6'(C))) (sec the previous 
proof), 

1 || $(*/(<?)) -$(6(0) || 

Mc || s\ || || ^c(6'(C)) II 

and, 

Mc _ 1 || ^(6'(C)) - SMC)) || 



II ^11 II *J II \\vc(V{C))\\ 

Therefore 

II «i II («i)|(V(i)\V(i) ) = S i + Ece.D(y(i));CW(i)o II S i II V C 

_ „1 , V l|5i(b'(g))-gi(Kg))IL ,-. 

- s j -I- 2^ce_D(y( 4 ));C#y( l ) || WC (6'(C))|| ° c 

= (Si)|(V(i)\V(i) ) 

• When F(cr) ^ r<j, and when i = a, 
V(i)o = and we can conclude. 

• When V{a) € r^, and when i = a — 1 > 1, 
By definition of v a , 

,. _ II SM II II II _ v /p7^y ll^(M II . 



Sct (M II || 5,(69 II I 4 



Therefore 



4 



(A )|V(i)o =11 s ! II ^ =|| sj || (s ff + ^ V {a)Wv(a)) 

= \fWip) II II {sa + HV(<j) || «V( CT ) || V V{a) ) 

= ii Si(6„) ii y na) + %wv w j 

since the latter right-hand side is a (> 0) mutiple of the previous right-hand side, and since the 
norms of their values at 6 CT are the same. 

When V(i + 1) $ r d , and when s i+1 = pr-jj S i+i , 

(Si)\V(i+l) = Vi+lSi+l = ii \ +1 ii S i+1 

I s i+l I 



i+jJ lls*(MII 

+ l(Mll (3_ 20 ) 



IRTF^IMI if i + 1 = cr, and if jjy (cr) = 1 
l|g»(b-+i)H otherwise. 



"RTl|s.+i(M 



Thus, in the second case, 

n 1 ii /- \ II Si(b i+1 ) || 

II s i II {Si)\V(i+l) - TT-Q Thi nr 5 ^ 1 = \ b i)\V(i+l)- 

II Ji+l{O i+1 ) || 

In any case, || s} || (s 4 )|y (i+1 ) = (Si)\ V (i+i)- 
We conclude that §i = jiruSi for any i such that V(i) ^ r^, with a decreasing induction on i. 
Proving that I a — Aa || sa \\ when A G (r \ r^). 

If such an A exists, V t&. Let A = V^(i) ^ t^, and let us prove that £v(i) — A« || s» | 

where Si =|| sj \\ §i, \\ \\— jjr^, A; = Y[j=i v i anc ^ v i ~ II s \ II- (The latter equality is obvious if 

W = 1, otherwise V ^ r d and ^ = l v {ggjjj .) 

If i = 1, we are done. 

Otherwise, for any j < z, according to l3.2UI 

_ II s }+\ II II ( S j)\V(j+l) II 

J ' +1 II b) II || 5 j+1 || 

Therefore, 

A» II II =11 Sj || rG =1 Vj 

= ^pT||nj= 1 i^+i 

— t TT i_1 IK l5 'j)l v (j+ 1 ) II 
-*^11?'=1 \\S j+1 \\ 

where £v(j)(Sj)\v(j+i) — £v(j+i)Sj+\. It follows that £y(i) = A; || Sj || by induction on i. 

Proving that u V {&) — u V (a), fnv(<?) = "mv(a) and £v(a) — £v{a) when V(a) e r d . 
Let V(a) e Trf. We already know that uy(cr) = Ww^"] || • ^ n P ar ticular, 

So- = S a + ^V(a)W V {a) 

= Sa + MV(cr) || «V(cr) || «V» 



' V « " || W^jj II " 



vWHi| S ~ CT (6(n^))) 11=1, 

II II 

"»V(«r) - MV» r——^ Z 77777} , 777 - ™V»- 

We are left with the proof that £v(<j) = £v{a)- 

• When a = 1, 

V(a) = V, £v — Ai = ^i = £v, and we are done. 

• When a > 1, 

Since /o(or r (c) e C^(M), 

' / - \ 

/ \ - w V{a) 



Thus, lv( a )S a — £v{<t-X){Sv(<t-\))\V{o)- 

Since c e Clr(M), 

(-V(a)Sa = lv(a-l)(Sv(a- 1))|V(ct)< 

This implies that lyia) = ^V(a) ■ 
Proving that I a = TtlA — Tn A and ua — ua when A S Td, VW)- 

We already know that Tl v (c v ) = TL v (Zv o r T (c)) in M v . This map from V to M may be written as 

4>oo° f where / <E (R 3 ) y = ^ySV if V <£ r d , and / = l v s\ if V G r d . Since both c and p r o £ o r r (c) 

satisfy (CI), then ^ A =|| f(b(A)) \\ y/fA and l A =|| || Vp. Therefore, £a = £t< 

Now, f\ A is a (> 0) multiple of {(u A /\/W) A + m A v A )) and ({u A /y/t&) A + m A v A ). Thus, if f\ A ^ 0, 

using 

((ua/ \fU) A + rriAV A ) (b(A)) = (u A /VU) and || u A ||= 1, 
we easily conclude that 

(u A /\/jA) A + m A v A = [u A /y^A) A + m A v A - 

Now, if f\A — 0, since f\vti(A)) is a 0) multiple of SfM), and since Sj^-j does not vanish on A, we de- 
duce that = 0. Then (C3) implies that (s^a))\A is a (> 0) multiple of ((ua/ 'V$A) A + wava)) 
and ((u J 4/v / F5)' 4 + itiava)) , and we conclude as before that 

(ua/ VfA) A + m A VA = {ua/ y/$A) A + m A VA- 

This implies of course that tjia — to a and ua — ua ■ o 

This finishes the proof of Lemma r3.19l and thus Proposition 13 . 1 21 is proved. 

o 

To prove Lemma 13.181 in this case, we again look at the above proof. Here, k = 1 if and only if 
t s = {V} and r d = 0, that is if and only if Hoo(cy) is an injective map from V to (ToqM \ 0) (up to 
dilation), that is if and only if c° € F(oo; V). Lemma T3. 181 is now proved. o 

3.7 Proof of Proposition ETT51 

First define a smooth map of the following form 

H : C 2 (M) — ► C(V;M) x C({l};M) x C({2};M) 
c ' ^ (p 2 (c),ri(c),r 2 (c)) 

whose image will be in CV(M). 

Since Ci(M) is a blow-up of C(T^; M) along oo x C\(M) and C\(M) x oo, we get the canonical 
smooth projection 

P2 ■■ C 2 (M) — ■+ C(V;M)(-^M V ). 
Let i € {1,2}. Let p/jj : M v — ► M' 1 ! be the canonical restriction, and let 

h = P{i} ° Ily o P2 ■ C 2 (M) — ► M. 

Let denote the restriction of fj from (Ily o p 2 ) 1 ((-^ \ oo) 2 ) to (M \ 00). We are now going to 
define a smooth extension of the n to C 2 (M) so that H(C 2 (M)) C Cy(M). 

Let Lli : Ci(M) — ► M be the canonical projection. Since the blow-up of M x (M \ 00) along 
00 x (M \ 00) is canonically diffeomorphic to the product of the blow-up of M at 00 by (M \ 00), it 
is easy to observe the following lemma. 



r- r 



Lemma 3.21 For any two disjoint open subsets V\ and V2 of M, there is a canonical diffeomorphism 

(n v o P2 )- 1 (v 1 x v 2 ) i ^^lu^ 1 (v 1 ) x il; 1 ^) 

where r\ and r 2 coincide with the previous maps r\ and r 2 wherever it makes sense. 



Let us now prove that r» extends to a smooth projection from C 2 (Af) onto C\(M). This exten- 
sion will be necessarily unique and canonical, it will be denoted by r^. By symmetry, we only consider 
the case i = 1. It remains to define n on (Ily o p 2 )~ (00,00) and to prove that it is smooth there. 
The canonical smooth projection n M 2( oo oc - ) from C 2 {M) to M 2 (oo,oo) maps (Ily o p 2 )~ x (00, 00) to 
(ST (oo oo) Af 2 ). In turn, 5T , (oo . oo) M 2 \ 5(0 x T^M) projects onto ST^M as the first coordinate. It is 
easy to see that this smoothly extends the definition of r\ outside ^ (5(0 x T^M)). To con- 

clude, we recall the structure of C 2 {M) near . (5(0 x T^M)). According to Proposition 13. 51 

since the normal bundle of 00 x M at (00,00) in M 2 is (T^M x {0}), s (5(0 x T^M)) is 

the product ST^M x 5(0 x T^M). Define n as the projection on the fiber ST^M C C\(M) in this 
product. From the chart ^ : (R 3 ) 2 — > M 2 , that induces the chart 

ipi : [0,oo[x5((M 3 ) 2 ) S 5 5 — ► M 2 (oo,oo) 

such that Ily otpi(\; (x,y)) = (</>oo(Ax), </>oo(Ay)) that in turn, induces the chart near 5(0 x T^M) 

V> 2 : [0,oo[xM 3 x 5 2 — > M 2 (OO, OO ) 

such that Ily o-i/) 2 (A; (x,y)) = (</>oo(Ax), </>oo(Aj/)), we get a chart 

V> 3 : [0,oo[x([0,oo[x5 2 ) x 5 2 — ► C 2 (M) 

such that Ily op 2 o ^ 3 (A; /i; x; y)) = (0oo(A/ix), (fcc (Ay)). Using a similar chart for Ci(M), r% will read 

(X;p,;x;y) i-> (A/x;x) 

and is smooth. 

Now, our map -ff is well-defined and smooth. The elements of H (C 2 (M)) satisfy (CI) and (C3) 
(of Lemmas 13.11 and !3.9|) . Thus, since V has two elements, H(C 2 (M)) C Cy(M) and we have defined 
a smooth map ii from C 2 (M) to Cy(M), that extends the identity of C 2 (M). 

Let pv '■ Cy(M) — ► C(V; M) be the canonical projection. Define 

K : C V (M) — ► C 2 (M) 

so that 

c f ^ ^tv) if cy £ (00 x Ci(M)) U (d(M) x 00) 

|_ (ri,r2) 1 (ci,c 2 ) if Ily (cy) is not constant. 

The map if is consistently defined outside py 1 ((oo x dC\(M)) U (9Ci(M) x 00)), and it is smooth 
there. We shall extend K by the canonical identifications on p K 1 ((oo x dCx(M)) U (dCi(M) x 00)) 
and use the charts of Cy (M), near py 1 ((00 x dC\(M)) U (<9Ci(M) x 00)) to prove the smoothness. For 
example, ^((oo x SCi(M)) is the subset of 5({0} x T^M) x S^M x {0}) x 5({0} x T^M) where 
the first and third coordinate coincide. There, 7^ = 0, t s — { V, {1}}, and the chart £ of Subsection l3.6l 
reads: 

(vi,V2,8i = S V ,S 2 = S {1} ) h-> (^(^;0oo)(^l II Sy + iA,S {1} ||; | | ay+^a^| |)) 



V>({1}; 0oo)K^2; s { i } ), V({2}; 0oo)(^i; «v(2))). 

Mapping £(Vi, ^2, Si = sy, S2 = s {i}) to 1/2, s {i} ; s v(2)) (where -03 is defined above in this sub- 

section) smoothly extends K to p v {{00 x <9Ci(M)). Similarly, K smoothly extends to p v l (dC\{M) x 
00). Then K and H are smooth maps that extend the identity of ^(M) that is dense in both spaces. 
Therefore K and H are inverse of each other and they are diffeomorphisms. o 
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Terminology 

blow-up, 37, 38 
dilation, 37 
edge-orientation, 6 
form 

admissible, 18 
antisymmetric, 5 
fundamental, 5 

half-edge, 5 

Jacobi diagram, 5 

automorphism of, 5, 16 
edge-oriented, 16 
labelled, 16 
orientation of, 5 

linking number, 12 

orientation of a finite set, 6 

Pontryagin class, 8, 29 
Pontryagin number, 8, 9 

trivialisation standard near oo, 4 

vertex-orientation, 6 
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Notation 



.4(0), 10 
A n {$), 5 
AS, 6 

jJAut(r), 5, 16 

b(A), 48, 55 
b'{A), 51, 59 
5 3 (r), 4 

C(A;b(A);r), 48 
C{A;M), 37, 40 
C„(M), 14 
CV (r) (M), 6 
Ci(M), 3, 37 
CV(M), 44 

C 2 (M), 3, 12, 14, 19, 45 
CV(M), 14, 37, 43, 44 
C(V(i);t), 55 

&(CV(M)), 15 
WSviX)), 16 
<$», 17, 18 



£(r), 5 

£i, 9, 10, 27, 34 

F(B), 15 
f(B)(X), 15 
F(oo;B), 14 
25 

r B , 20 

Gm(p), 28, 32 



H, 7 


p»(r), 16 


ir(r), 5 


noo(c^), 54 


It,f, 19 


TT , fV° "> ^4 
J-J-oo, d{CA/i 04 


Pm(tm), 5 


7r(M;0), 17 


Pi, 8, 9, 29, 32 


^r(wjf), 7 


HA;4>;b), 41 


/r(«r), 10 


ipiA;^), 42 


IHX, 6, 23 


V>(A<Ax>;&), 42 


5, 10 


</%), 9 


I, 5 




•2/ C\ n on 01 

i (rajr), 9, 30, 31 


p, 7, 10, 28, 30 


6 10, 11 


S n (X), 9, 14 


£n, 10, 18, 24 


S V (X), 9 


6, 34, 36 


^(T^M 5 ), 14 




S 2 (E 1 ), 10, 17, 34 


A, 3, 11 




Aw, 11 


5y(M 3 ), 45 


Lmi 12 


iy(A J, 14 


M A (oo A ), 37 


r(c°), 48, 54 


m r , 30 


7-. 54 55 


mjr, 30 


Tc 54 55 


M 2 (oo,oo), 3 




v(r), 5 


0(A;b(A);r), 48 




ft, 16 


X{Z), 37, 38 


u) T , 10, 17, 36 




0(^(*);t), 55 


Z(M), 10, 11 




Z{M-t m ), 10, 17 


Pa, 37 


z n (E;u), 24, 25 


Pe, 6, 10 


Z„(M), 7 


P(T), 16 


Z n {M-r M ), 7 


0oo, 39 


Z,i{^m), 18 


n A , 37 
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